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Abstract. We have employed a composite rheology consist
ing of both linear and nonlinear creep mechanisms which are
connected by a 'transition' stress. Background stress due to
geodynamical processes is included. For models with a non
Newtonian upper-mantle overlying a Newtonian lower-mantle
the temporal responses of the displacements can reproduce
those of Newtonian models. The average effective viscosity
profile under the ice-load at the end of deglaciation tums out
to be the crucial factor goveming mantle relaxation. This can
explain why simple Newtonian rheology has been successful in
fitting the uplift data over formerly glaciated regions.

Introduction

Postglacial rebound has mostly been conducted with linear
rheologies (Cathles, 1975, Sabadini et al., 1984). Non-linear
(non-Newtonian) viscoelastic rheologies are likely to prevail
in the upper-mantle from laboratory experiments (Goetze and
Kohlstedt, 1974). Non-Newtonian rheology, however, may not
be important in the lower mantle, as shown from the recent
laboratory works by Karato and Li (1992). Modelling of post
gladal responses in a non-Newtonian mantle had already been
carried out analytically by Post and Griggs (1973) and Brennen
(1974). Recently Wu (1992) has ca1culated with finite-element
method this problem for a homogeneous non-Newtonian vis
coelastic rheology. Here we will approach numerically the
postg1acial rebound problem by treating the lithosphere and
upper-mantle as having non-Newtonian viscoelastic rheologies
and the lower-mantle with a linear viscoelastic behavior.

Rheological formulation

In the viscous regime the deviatoric strain-rate €ij depends
on two mechanisms and is given by:

. 1 n-l
fij = -Uij + AUI! Uij

21]

where U I I is the second invariant of the deviatoric stress-tensor,
1] is me viscosity of the Newtonian rheology, A is the pre
exponential constant of the nonlinear flow law and n is the
power-law index of the non-Newtonian creep. The relative
importance between the two mechanisms is govemed by the
transition stress UT' which is the va1ue of UI! for which the
two mechanisms contribute equally to the total strain-rate. For
large UT' pure Newtonian behavior is obtained and, purely non
Newtonian flow occurs for small values of UT•

Geodynamic processes also contribute to the stress-state
of the lithosphere and mantle. A background stress-state is
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modelled here by a single background value U D' From stress
fields associated with convection in a non-Newtonian upper
mantle overlying a Newtonian lower mantle (van den Berg et
al., 1991) this approximation is not bad for each of the layers.
As a first step we can simply add this contribution from U D to
the second invariant of the deviatoric stress tensor. The total
strain-rate of the viscoelastic flow now becomes

(2)

where C is the compliance tensor for a compressib1e elastic
solid and Tij represents the total stress tensor. Varying U D

with depth, from convection ca1culations, should be taken into
account.

Numerical modelling

Equations goveming the conservation of momentum and
the time-dependent constitutive relationships (eqn. 2) are
cast in cylindrical coordinates with axisymmetry assumed.
We make use of the finite-element code TEClDN (Melosh
and Raefsky, 1980) adopted for postglacial rebound problems
(Gasperini and Sabadini, 1989). The implicit method (Melosh
and Raefsky, 1980) is used for time-stepping eqn (2) because of
the nonlinear nature of the constitutive evolutionary equation.
Since we will consider observables near the ice load, we will
neglect the effects of sphericity and use a flat-earth model. An
equal-volume transformation for converting spherical depths to
equivalent depths in the flat-earth model is employed. Thus the
core-mantle boundary lies at a depth of 1800 km, which will be
taken to be the lower boundary. For reducing the effects from
boundary conditions at the edge, we have extended the hori
zontal boundary to 12,800 km which is 8 times the maximum
radius for the Laurentide ice-Ioad. In the grid the computational
domain consists of 3280 unequally spaced linear elements, with
82 in the horizontal and 40 vertically. The model includes a
30 km thick linear viscoelastic crust and nonlinear viscoelastic
lithosphere and upper-mantle on top of a linear viscoelastic
lower-mantle. The thickness of the lithosphere is taken 60
km below Fennoscandia and 120 km below Laurentide. The
interface between the upper- and lower-mantles lie at 600 km
depth. Physical parameters can be found in the figure captions.

The influences of ice-Ioad history on rebound computa
tions are important (Nakada and Lambeck, 1987). For non
linear rheology this aspect should be considered even more
carefully because of the stress-dependence of the upper-mantle
creep law. In the numerical integration we have included a
loading phase lasting about 9 x 104 years during which a
parabolic shape of ice at equilibrium is kept, while the total
mass increases linearly from O to the maximum (0.26 x 1019
kg for Fennoscandia and 1.6 x 1019 kg for Laurentide ice-sheet
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). Thereafter a linear unloading phase ensues (8 x 103 and 104
years respectively for Fennoscandia and Laurentide loads). For
the past 6 x 103 and 8 x 103 years there have been no glacial
forcings respectively over Laurentide and Fennoscandian areas.
From steady-state ice dynamics we have used the following
relationship between the. instantaneous ice radius L and the
actual volume Y of the ice load (Cathles, 1975). It is given by1

L = (3pg y2 / 47rTO) .• , where 9 is gravitational acceleration, TO

is the yield stress at the base of the glacier (TO = .33 bar), and
p is the ice density.

Discussion of the results

The results are reported only for the last 15 Kyrs. The
vertical displacements at the center'of the ice-load (R = Okm)
are shown in Figure l. The solid line denotes the purely Newto
nian model for Fennoscandia, while the other curves display the
responses of the hybrid non-Newtonian and Newtonian models
for (Tn ranging from lO to 250 bars in the upper mantle. The
viscosity of the linear component of the hybrid model has the

Fig. l. Vertical displacement in the center of ice load during
the last 15 Kyrs for different values of (Tn for Fennoscandia.
Solid line refer to Newtonian model and the others to non-linear

lithosphere (with (T n = 50) and non-linear upper mantle with
(T n = lO bars (dotted), (T D = 50 bars (dashed) and (T D = 250
bars (dash-dotted). In ali cases n = 3.5 and (TT = lO bars. The
rigidity is IL = 1.45 X 1011 Pa and the density is p = 3380
kg/m3• In the non-linear cases the linear viscosity 1]* is taken
to be the viscosity of the Newtonian model in each layer (see
Table 1).
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Model parameters

We will now demonstrate the possibility of fitting the
results from linear rheology with a model comprising of
vertically-stratified creep laws. We are not concerned with the
fitting of observational data, as this will be investigated later.
For reference models we take the results from linear rheology,
using the forcing history and geometry described above.

The parameters of the viscosity stratifications adopted for
the reference models are provided in Table l. We have used
a higher viscosity value, 1021 Pas, for the upper-mantle under
Laurentide and a rather high viscosity, 1030 Pas, in the crust to
simulate a perfectly elastic medium. The lower-mantle rheol
ogy will be taken to be purely Newtonian (Karato and Li, 1992)
for the most parto

For the lithosphere and upper-mantle, the creep laws be
have both linearly and nonlinearly. Besides the Newtonian
viscosity 1], we have three other rheological parameters, which
are only partially constrained. Theyare: (l) the transition stress
(TT (2) the background stress from mantle dynamics (Tn (3) the
power-law index of nonlinear creep, n. From experimental
data n in the lithosphere is around 5 (Ranalli, 1987) and in
the upper-mantle for olivine n is around 3.5 (Karato et al,
1986). Background stress from upper-mantle convection may
lie between lO to an upper-bound of several hundred bars (e.g.
Schubert et al., 1976) and the transition stress is taken between
.1 and lO bars.

Table 1

Upper Mantle
Model description 1]*

(Pa· s)

Lithosphere
n (Tn (TT

(bar) (bar)
1]*

(Pa· s)
n (Tn (TT

(bar) (bar)

Lower Mantle

1]* n (Tn (TT

(Pa· s) (bar) (bar)

Fennoscandia Newtonian 5.0 x 1022 1.0-- 3.0 X 1020 1.0-- 8.0 X 1021 1.0-
Fennoscandia (T n

=O 2.8 X 1023 3.5OlO 6.0 X 1020 3.5OlO 8.0 X 1021 1.0

Fennoscandia (T n

=lO 1.6 X 1025 3.5 50lO1.8 X 1021 3.5lOlO 8.0 X 1021 1.0

Fennoscandia (T n

501.6 X 1025 3.5 50lO2.6 X 1022 3.550lO 8.0 X 1021 1.0

Fennoscandia (T n

=250 1.6 X 1025 3.5 50lO1.0 X 1024 3.5 250lO8.0 X 1021 1.0

Fennoscandia (T T

=1 1.6 X 1025 3.5 50lO8.4 X 1024 3.5501 8.0 X 1021 1.0

Fennoscandia (T T

=0.1 1.6 X 1025 3.5 50lO8.8 X 1027 3.5500.1 8.0 X 1021 1.0

Fennoscandia nLM

=3 1.6 X 1025 3.5 50lO2.6 X 1022 3.550lO 2.4 X 1022 3.0 5050
Fennoscandia nL

55.0 X 1027 5.0 50lO2.6 X 1022 3.550lO 8.0 X 1021 1.0
Laurentide

Newtonian5.0 X 1022 1.0-1.0 X 1021 1.0-- 8.0 X 1021 1.0

Laurentide (T n

=50 2.5 X 1025 3.5 50lO1.3 X 1023 3.550lO 8.0 X 1021 1.0

Laurentide nLM

32.5 X 1025 3.5 50lO1.3 X 1023 3.550lO 2.8 X 1022 3.0 5050
Laurentide nLM = 3, (TT = 1

2.5 X 1025 3.5 50lO1.3 X 1023 3.550lO 5.1 X 1025 3.0 501

Table 1. Rheological parameters for the models analyzed in this work. In each layer 1]* indicates the value of the viscosity of
the linear component readjusted to fit the corresponding Newtonian model. A linear viscoelastic rheology with 1] = 1030 Pas is
also used in ali models to simulate the crust.
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Fig. 3. a) Fitting of the Newtonian (solid) model in Laurentide
with both upper and lower mantle for non-linear rheology. In
the lower mantle (1' n = 50 bars, (1'T = 50 bars and n = 3.
b) Fitting of the Newtonian model in Fennoscandia for model
with n = 5 in the lithosphere.

The averaged adopted values for (1'1 I were around 50 bars in the
lithosphere and lO bars in the upper-mantle for Fennoscandia.
Beneath Laurentide the estimated stresses were respectively 70
and 20 bars. Stress fields induced by Laurentide ice-Ioading
on Fennoscandia are less than a few bars in the lithosphere and
less than l bar in the Fennoscandian upper-mantle. Thus we can
treat the forcings from the two ice-sheets separately. With this
rule for estimating "leI I we can guess the fit for various values
of (1' n ranging from lOto 250 bars and (1' T ranging between 0.1
and I bar (for the readjusted "1* , see Table I).

In Figure 3a we show the effects of a non-Newtonian
lower-mantle with n = 3 and (1'T = 50 bars for Laurentide ice
sheet. We can still reproduce the reference Newtonian results
with this non-Newtonian model for Laurentide. In Figure 3b
we study the influences from using a higher power-Iaw index
n = 5 for describing lithospheric deformation. The unadjusted
(dotted) and the readjusted curves (dashed) are shown along
with the Newtonian reference model (solid). We note from

lithosphere and upper-mantle right below the ice-Ioad. Using
this estimate for (1'Il we then compute "l needed to produce
an average effective viscosity TJell equalling the Newtonian
reference viscosity. From eqn (1) the effective viscosity is

~
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Fig. 2. Fitting of Newtonian (solid) model with non-linear
rheology (dotted) in the upper mantle for Laurentide. Dashed
lines indicate the results for non-linear model with the viscosi
ties of the Newtonian component taken equal to the viscosities
of the linear case. Non-Newtonian parameters are: (1' n = 50
bars, (1'T = lO bars and n = 3.5 both in the lithosphere and
upper mantle. Readjusted Newtonian viscosities for the non
linear model are: "l: = 2.5 x 1025 Pas in the lithosphere and
TJ~M = 1.3 X 1023 Pas in the upper mantle.

same value as the Newtonian viscosity in the reference model.
The present day displacements are assumed to be zero and
all curves have been shifted accordingly from this constraint.
Increasing (1' n reduces the effective viscosity and the uplift
curves are able to reach the asymptotic limit much earlier. Thus
with large (1' n the present uplift rates are predicted to be very
low.

In Figure 2 we have fitted for Laurentide the Newto
nian reference solution using the hybrid model with a non
Newtonian lithosphere and upper-mantle by adjusting only co
efficient "l in the linear component of eqn. (1). The dotted
line indicates the non-Newtonian solution with "l equal to the
Newtonian model, while the dashed lines denote the readjusted
solution in which "l has been increased by a certain amount
(see Table l). We plotted the results for the center (R = O)
and near the edge (R =1500 km) of the load for both the ver
tical displacement and its velocity. There are large deviations
between the unadjusted solution and the Newtonian solution
(solid curve), especially at the end of the deglaciation (8000 yrs
BP ). The readjusted solution (dashed curve) can fit very well
the Newtonian solution. The deviations are in fact remarkably
smaller than the experimental uncertainty associated with uplift
data, which is on the order of some tens of meters (Cathles,
1975). The adjusted "l is 5 X 1025 Pas for the lithosphere
and 1.3 x 1023 Pas in the upper-mantle. In fact, the effective
viscosity of the upper-mantle is much lower than the readjusted
"l in eqn. (1).

Some c1arification of the procedures used in obtaining
such good fits is in order. This involves an estimate of the
fitting for "l. First, we plot for the Newtonian reference case
the distribution of (1'Il in the computational domain. Then we
visually estimate the individuai average stress values in the
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Fig. 4. Vertical profiles of horizontal average viscosity un
der the load at the beginning of deglaciation (dotted), end of
deglaciation (dashed) and present time (solid) for non-linear
models with readjusted viscosities: a) Fennoscandia with (1'B =
lO bars and and (1'T = lO bars, b) Fennoscandia with (1'B = 250
bars and(1'T = lO bars, c) Fennoscandia with (1'B = 50 bars and
(1'T = 1bar, Laurentide with n = 3 in the lower mantle.
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mantle. This conclusion, however, must await for further in
vestigations.
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Table 1 the strong sensitivity of the model to the effective
lithospheric viscosity, which allows for most of the relaxation.

From the way we have been able to fit the Newtonian
curves with non-linear models, it is clear that the average vis
cosity just belo w the load plays an important role in governing
the postglacial uplifts. This fact has been verified in modelling
postglacial rebound with lateral variations in TJ (Gasperini and
Sabadini, 1990). In Figure 4 are plotted the vertical profiles
of the viscosity averaged horizontally across the ice-Ioad (over
1200 km for Fennoscandia and 3000 km for Laurentide) for four
models, which have been fitted. These profiles vary with time.
The dotted curves correspond to the start of deglaciation at t=
16,000 yr BP, the dashed curves refer to the end of deglaciation,
and the solid curves represent contemporary values. Ali the
horizontally averaged effective viscosity profiles are found to
be very close to the Newtonian viscosity profile at the end of
deglaciation. Thus the same is tme for non-Newtonian rheol
ogy. This would then mean that the mean effective viscosity
profile under the ice-sheets at the cessation of deglaciation is
the factor, which controls the temporal evolution of the defor
mation field.
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Concluding remarks

For a wide range of plausible parameter values it is pos
sible to use a nonlinear rheological model in the upper-mantle
for fitting the temporal evolution of the vertical deformation
fields in Newtonian postglacial rebound. The key parameter
controlling the temporal evolution of the uplifts is the hori
zontally averaged effective viscosity right below the load at
the cessation of deglaciation activities. These resu\ts suggest
that the rebound data around the ice sheets cannot allow one
to distinguish the nature of steady-state creep in the upper-
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