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We present an analytical approach, based on computer algebra using Mathematica, to solve for the

time-dependent responses of the earth's surface to the me!ting of the last ice age. The mathematical

formulation, based on the correspondence principle for viscoe!asticity, allows for the analytical

determination of the re!axation times and of the associated Green's functions describing the temporal
responses of the unloading evento By using Mathematica, we have deve!oped an efficient means

for evaluating the Green's functions of a multilayered mode!, which would be difficult by the usual

analytical methods. We thus obtain an explicit closed-form analytical solution for a five-layer earth
mode!, which facilitates the variations of parameters in different parts of the mantle.

Introduction

The rebound of the earth's crust from the me!ting of the large
continental ice sheets twe!ve to thirteen thousand years ago is a
problem of great importance in such fie!ds as geophysics, glaciol
ogy and climatology. In particular, the viscoelastic response of
the earth to a surface load and the conseguent vertical defor
mation of the crust depend strongly on the internaI structure
and rheology of the planet. The analysis of this problem, sup
ported by information from seismology and geodesy, allows geo
physicists to improve their knowledge of the radiaI and lateral
variations of many geophysical parameters, such as mantle vis
cosity. An interesting example is given in [Wolf 1987], where
post-glacial uplift in Fennoscandia is studi ed.

In this paper we demonstrate how the use of Mathematica on
personal computers cah provide a breakthrough in the solution
of the post-glacial rebound problem by analytical methods. The
basic mathematical formulation of this classical problem can be
found in [Longman 1962; Farrell 1972; Peltier 1974; Cathles
1975]. A number of analytical models far the earth were deve!
oped to study the !inear responses of the planet to such external
loading as ice sheets. The main theoretical result was the con
struction of the Green's functions for mode!s with increasing
mathematical complexity, starting from a flat-earth mode! and
culminating with spherical, se!f-gravitating, stratified viscoe!as
tic mode!s far the earth. We present here an analytical solu
tion for an earth model consisting of a fluid care, a three-Iayer
Maxwe!1 viscoelastic mantle and an e!astic !ithosphere. This
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mode! is useful in solving a variety of problems in post-glacial
rebound. Mathematica has proved to be a powerful tool in de
veloping these analytical solutions, which were not previously
amenable to conventional analytical technigues.

Preliminary Discussion

The analysis of the structure and composition of the earth's ma n
tle is one of the most important problems in geodynamics. The
rheology of the mantle, which plays a decisive role in the deter
mination of vertical deformations associated with post-glacial
rebound, geoid anoma!ies, and mantle convective flow, is the
subject of active investigations. In view of future improvements
of radially stratified mode!s, we need to take into account mantle
compressibi!ity, which can be handled analytically [Wu 1978],
and the presence of the low viscosity zone in the upper mantle.
On the basis of the model presented here, it has been possible to
analyze the effects of a stiff transition zone between the upper
and the lower mantle on both vertical movements and rotational

signatures [Spada et al. 1990].
The assumption of a pure!y radiaI dependence in the creep

properties of the mantle is in conflict with both seismic tomo
graphic results [Woodhouse at al. 1984] and convection simu
lations based on temperature-dependent viscosity [Christensen
1984]. Therefore, analytical, radially stratifled mode!s are to be
considered as zero-order approximations. A perturbative the
ory has been recently employed to study the effects of a lateral
varying viscosity [Richards and Hager 1989] on the flow pattern
of a Newtonian mantle, and this can also be applied within the
framework of a viscoe!astic model.

Mathematical Approach

The starting point of our analysis is the eguation of momentum
conservation, which governs the guasi-static deformations of a
!inear viscoe!astic and self-gravitating spherical planet [Cathles
1975]. The correspondence principle for viscoelasticity rFung
1965] allows us to employ the "eguivalent" elastic eguations
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of equilibrium, in which an appropriate complex modulus of
rigidity is employed in order to take into account the rheology
of the planet. For the Maxwell rheology we have [Fung 1965]
l-1(s)= I-1s/(s + l-1/v), where 1-1and 'V are, respectively, the elas
tic rigidity and the long-term shear viscosity, and s denotes the
complex Laplace-transformed variable representing the inverse
of time. The constraim of incompressibility and the Poisson
equation far the perturbed potential of the gravity field com
plete the set of partial-differential equations that describe the
system. For an axisymmetric model the solution vector describ
ing the radiai dependence of a spectral expansion, with Legendre
polynomials describing the angu)ar dependence, takes the form

(1)

where 1Jn(r) satisfies a linear non-homogenous ordinary differ
ential system involving six first-arder equations of the type

d1Jn(r)
~ = An(r)1Jn(r) + fn,

for each angular order n of the Legendre functions. In equa
tion (1), U and V are respectively the radiai and tangential spec
trai componems of the displacement vectar, 'Trr and 'TTeare el
ements of the stress tensor, while <Dis the perturbation on the
gravity field potential. The auxiliary varia ble Q (r) is defined as
-aT<D(r) ~ (n + l)<D(r)/r + 4nGpU(r), where p is the density
field [Sabadini et al. 1982].

The elements of the 6 x 6 matrix An(r) involved in equa
tion (2) are rather complicated analytical functions of the param
eters that characterize the model [Sabadini et al. 1984], while
the vector f n corresponds to the spectral component of a 10

calized force acting on the surface of the Earth. A fundamental
matrix Yn (r, s) of the homogenous system associated with equa
tion (2), containing a set of linearly independent solution vectors
and depending both on regular (r n) and irregular (r-n) radiai
functions, was found by standard methods in ardinary linear
differential equations [Wu 1978; Sabadini et al. 1982].

From linearity, we can express the solution vectar in each layer
as

a three-layer model, equation (3) was solved tediously by hand
using Gaussian elimination [Sabadini et al. 1982]. We show a
new method to treat this problem in a mare flexible, elegant and
much faster way. With the help of Mathematica we simply in
verted analytically the fundamental matrix Y(r, s) (see sidebar)
and made use of its expression in order to solve separately each
set of matching equations.

It is not difficult to demonstrate that the system (3) can be
reduced to a simpler set of equations, containing as unknowns
only the coefficients pertaining to the core-mantle houndary

(4)

where Bf is defined as

2n+l [9(a),O,G]TBf = - a2 4n

and 9 (a) is the gravity field evaluated at the surface of the Earth
(r = a) [Sabadini et al. 1982]. The solution of equation (4) can
be cast in the following form by using a set of commands taken
from non-commutative algebra:

3

Core(s) = S3Il(s + Tlk)P(s )-1Bf,
k=l

where llk denotes the negative of the reciprocal of the Maxwell
relaxation time for the k-th layer. Since each coefficient of the
3 x 3 matrix P(s) is a polynomial in s, its determinant can be
found easily by taking into account the properties of the Ricci
Levi-Civita alternating tensar Eijk:

6

det(P(s)) = F(s) ~ '" s~+"+<rE-- p(~)p(")p((J) (5)- - L tJk li 2j 3k'
)J.,v,cr=o

where p~~ denotes the coefficient of the k-th power of s in the
(l, m) element of P(s). Finally, we give the formai expression of
the secular equation

6

'" D s~+"+<r - OL.. )J.ìlJ -

IJ.,V',IT=O

where the set of coefficients Cn (s) are to be determined by the
boundary conditions. The entire set of boundary conditions, ob
tained by imposing continuity far the vector 1J(r) at each layer
interface, including the care-mantle boundary and the external
surface ofthe planet [Crossley et al. 1975; Chinnery 1975; Saba
dini et al. 1982] can be cast in the following farm

where, far the sake of simplicity, we drop the n-dependence. In
the above algebraic equation the 27 x 27 complex matrix W(s)
contains information about ali the physical parameters of the
model, C (s) is the unknown vector, and B; is the appropriate
forcing term far a surface-point mass loading.

The key point in this problem is the exact solution of C(s)
in equation (3). In order to describe the Laplace-transformed
dependence of the solution vector, we need an analytical expres
sion, in terms of s for the inverse of the operator W( s). It is evi
dent that a direct inversion of equation (3) is quite a formidable
algebraic problem, since W( s) contains 729 elements organized
into several blocks with no particular symmetry. In the case of

W(s)C(s) = B;, (3)

where the 343 coefficients D~-Y<rare simply determinants involv
ing 3 x 3 constant matrices.

An insight into the complexity of the current problem can
be reached recalling that, in the case of a uniform viscoelastic
earth, the degree of the secular polynomial F(s) is lowered to
one [Wu 1978]. More realistic models, including an inviscid
core, a layered Maxwell mantle, and an elastic lithosphere, are
characterized by a polynomial whose degree is given by 3 x
m, where m is the number of distinct viscoelastic layers. This
number depends on the type of viscoelastic rheology.

In Figure 1 we show the secular polynomial F(s) associated
with the angular order n = 2 for a set of physical parameters
(Table 1). Since its roots are spread over a very wide range,
we were forced to focus on certain distinct intervals on the real

negative axis. Although formally the secular equation involves
an eighteenth-degree polynomial, calculations ha ve shown that
the factors of the five lower powers of s are negligihle when
normalized with respect to the higher-power coefficient. We
can thus classify the roots in the following way: 6 null roots, 3
roots corresponding to llb and 9 rea l and negative roots Si. A
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Parameter LithoM1M2M3Core

r (km)

63716250570146603480
density

412041204320450810925
(kg/m3) viscosity

00123inviscid
(xl021Pa. s) rigidity

0.730.941.051.99O
(xlOllN/m2)

Log(Tr)

8.

TABLE 1 The set of parameters used for the computation of the secular

polynomial (Figure 1) and relaxation spectrum (Figure 2). Litho refers to

the lithosphere; MI, M2 and M3 to each mantle viscoelastic layer; and

Core to the inviscid core. The parameter t denotes the distance from the

boundary of each layer to the origin (t = O).

already demonstrated that they do not influence at ali the physi
cal results. C( s) in equation (3) can be constructed analytically,
once ali of the relaxation times ha ve been obtained.
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FIGURE 2 The spectrum of relaxation of the model, depicted on a

log-log scale. The values on the p-axis are the logarithm of the angular

order Jf, while on the ~l-axis we show the logarithm of the relaxation times

T,. The five-Iayer model, because of its density stratification, contains 9

modes, whose branches are displayed in the figure. Major contributors to

deformation are indicated by C and MO.
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FIGURE 1 The secular polynomial F(l) defined by equation (5), for

angular order Jf = 2. The polynomial has degree 12; since its roots are

spread over a wide region of the negative rea l axis, we present it in four

panels.

Since many geophysical observables, such as gravity anoma
Iies and vertical deformations of the crust, can be derived from
the solution vector evaluated on the surface of the earth, we
have used the c1osed-form analytical expression for ecore (s) to
obtain the following expression for the radiaI component of the
displacement field, evaluated on the surface of the earth (r = a)

comparison between Muller's method [Gerald 1970] and Math
ematica's built-in objects Salve and NRaats was performed in or
der to determine the accuracy of the roots. We found that, for a
wide range of variation of the parameters entering into play in
our model, the results differ by less than 10-4• In Figure 2 we
plot the spectrum of relaxation of our model, for each angular
order n ranging from n = 2 to n = 102. There are nine modes
for each angular order. On the 1J-axis we present, in logarith
mic scale, the value of -l/Si = TT (in years) for (i = 1,9). The
roots corresponding to each 11k are not shown here since we have

In the case of an analytical time history f(t) for the density
anomaly, Mathematica's object Integrate proved to be very use
fui in evaluating some of the complicated definite integrals in
volved in equation (6). The time-dependent solution vector for a
finite source is obtained by integration of the space-time Green's
function over the surface occupied by the load.
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We give here the analytical expression for the inverse of the fundamental matrix as a function of the physical parameters that
characterize each of the layers. The inversion of the direct matrix Y(r, s), given in [Sabadini et al. 1982], was simply

performed by making use of th~ command Inverse in Mathematica. It is convenient to define

In the definitions of D and -V-l the parameters have the following meaning: n is the angular order of Legendre function; r is
the distance from the center of the earth; l-1(s) is the complex shear modulus of the layer, which depends on the rheology; p is
the density of the layer; 9 (T) is the gravity field; and G is the universal gravitational constant.

Conclusions

In this note we have shown how an analytical mode! useful in
solving a class of boundary-value problems in theoretical geo
physics can be easily deve!oped with computer algebra on per
sonal computers. We have described the use of Mathematica in
manipulating the many intermediate algebraic steps involved
steps that would be nearly impossible to do by traditional ana
lytical means-and its flexibility in performing numerical calcu
lations and in displaying results graphically. We have explored
just a small portion of the potential possibilities af this applica
tion.
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