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ABSTRACT

Gasperini, P. and Sabadini, R., 1990. Finite element modeling of lateral viscosity heterogeneities and post-glacial rebound. In:

E. Mantovani (Editor), Seisrnicity and Crustal Deformation. Tectonophysics, 179: 141-149.

The existence of lateral viscosity heterogeneities of a few orders of magnitude in the Earth mantle has recently been

proposed by several authors, although classicaI post-glacial rebound models are consistent with a rather uniform structure.

Tomographic results reveal the presence of lateraI heterogeneities in seisrnic velocities within the mantle which can be

correlated with temperature and viscosity variations.

Our aim is to analyze the uplift in deglaciated areas, using a realistic horizontal viscosity profile of the mantle, in order to

deterrnine the influence of such models on global mantle viscosity evaluation.

Since anaIytical models cannot handle lateral heterogeneities, we used a finite-element numerical approach. The code i~ a

version of TECTON program (Melosh and Raefsky, 1983), suitable for treating the axisymmetric case and modified to take
isostatic compensation of the surface load into account.

We found that the average mantle viscosity vaIues deviate from the "canonical" value of 1021 Pa· s when lateral variations

are taken into consideration. The displacement in the center is controIled by the average viscosity underlying the load. For

long wavelengths (heterogeneities of two orders of magnitude), the estimated average viscosity may differ by a factor 7 from

the results obtained using radiaI models. For stronger variation (of four orders of magnitude) the deviation is a factor of 30,

although such strong viscosity seems to be inconsistent with the data. Difficulties in data fitting are also encountered for

smaIler variations when short wavelengths are considered.

When the interplay of verticaI and lateraI stratification is considered, we find that average viscosities in the upper and

lower mantle depend on the magnitude and pattern of the heterogeneities in each layer. In particular, strong lateral viscosity
contrasts in the upper mantle can overlie a uniform lower mantle.

141

Introduction

Until now, mantle viscosity estimates inferred
from post-glacial rebound studies have been based
on radially stratified Earth models (Wu and Pel
tier, 1983; Yuen et al., 1986). However, tomo
graphic results show the existence of lateral varia
tions in seismic velocities and in the creep proper
ties of the Earth's mantle (Dziewonski, 1984;
Woodhouse and Dziewonski, 1984). The existence
of lateral heterogeneities in mantle viscosity is also
supported by time-dependent analyses assuming a

non-Newtonian rheology (Christensen and Yuen,
1989) and convection calculations based on tem
perature dependent viscosity (Christensen, 1984).
These experimental and theoretical findings sug
gest that geodynamic models of the Earth must be
improved to take into account lateral variations in
the physical properties of the mantle.

Our interest is actually directed at vertical de
formation in deglaciated regions, but we expect
that lateral variations in mantle viscosity could
also have an impact on the disturbance ·of the
Earth's rotation induced by surface loads and
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The approach we follow is to evaluate at the
horizontal boundaries of each element, the total
flux of hydrostatic restoring force due to the den
sity contrast between the materials at the two
sides of the boundary. In the simple case of a
uniform density profile, we found this generaI
method to be numerically equivalent to the
Winkler foundation, providing that the mesh grid
is sufficiently refined where we have a high gradi
ent of displacements, but the generaI validity of
the buoyancy approach must be preferred.

For the first order, the expression for the
buoyancy force acting in the vertical direction is
given below for the i-node of the element:

where <P;and <Pj are shape functions, g the gravity
acceleration and Uj the vertical displacement at
the j-node of the element, p denotes the density
of the material while SI and S2 are the top and
bottom boundary surfaces of the element.

Since gravity is perpendicular to the vertical
sides of the quadrilateral element, the F/ compo
nent can thus be written as:

where

where V is the volume of the element and g IS

F;b= - fpuj<pj<p;g.n dss
where S includes the lateral surfaces of the ele
ment and ti denotes the outward norma!. The

components of the displacement field enter lin
early the above expression of the buoyancy force.

We can thus introduce the K;~ matrix such that:

We can now apply Gauss theorem to obtain a
volume integraI that can be handled by the stan
dard routines of the code. Since we are only
considering displacements along the z direction,
divergence involves a simple partial derivative with
respect to z:

b f [ a<pj a<p; ]Kij = - pg V <P;az + az<Pj dv

seismic sources (Chao and Gross, 1988). All com
putations are valid for the Fennoscandian ice
sheet, but they can be generalized to the Lauren
tide rebound due to the self-similarity of the solu
tion. It should be pointed out that sphericity ef
fects, which can be neglected for Fennoscandia
(Wolf, 1984), will be noticeable for the Laurentide
ice-sheet, but we expect that our conclusions will
not substantially altero

In order to analyze the consequences of viscos
ity heterogeneities of varying magnitude and
wavelength, we follow a spectral approach. We
modulate the horizontally varying viscosity with
log-sinusoidal functions of different amplitudes
and wavelengths. We consider a first class of
models in which the whole mantle is in phase, so
that the viscosity is vertically uniform and a sec
ond class in which we allow the viscosity to vary
independently in the upper and lower mantle, to
show the effects of the interplay of lateral and
vertical variations.

Finite elements model

The numerical code TECTON described by
Melosh and Raefsky (1983) can be used for treat
ing the surface loading problem of an axisymmet
ric, compressible half-space mode!. To account for
the isostatic compensation of the surface load, we
introduced a buoyancy effect into the code. This
approach is more generaI and accurate than the
method based on the Winkler foundation, which
has been used in the past (Hughes, 1987) to
account for this effect. Using the Winkler founda
tion, in fact, one computes the restoring force at
each node of the upper surface as a function only
of the displacement at that node, whereas in our
computation we perform a numerical integration
along the horizontal sides of each element, using
interpolated displacement values. In our formula
tion, when the density is uniform, contributions
coming from adjacent elements having the same
density value will cancel and only top and bottom
layer contributions remain unbalanced. Since dis
placement at the bottom is fixed to zero, the
contribution vanishes on this surface and only
upper surface buoyancy adjustment must be con
sidered.
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where E is the Young modulus while p denotes
the Poisson ratio. The matrix of the "viscoplastic
strain rates" is given below:

where f and o are the vectors containing the
components of the strain and stress tensor respec
tively. For the axisymmetric case:

ficiency of our code. The analytical solution for a
compressible viscoelastic material was derived

'from the equations appropriate for an elastic
half-space (Landau and Lifshitz, 1967). In order
to avoid any difficulties with the finiteness of the
domain, the depth and width of the grid were at
least two orders of magnitude larger than the
radius of the parabolic load characterizing the
Fennoscandian ice-sheet. To maintain a good res
olution, in the neighbourhood of the loading area
we used a finer grid, with elements 20-40 km
thick, and progressively increased the size of the
elements starting from a distance which is a factor
of ten larger than the load size. In a standard grid
we had :::::100 elements in the horizontal direction
and 40 in the vertical direction. At the bottom of

the grid we set the displacement components equal
to zero (rigid boundary conditions). Along the axis
of symmetry and the external vertical boundary of
the grid, only vertical motions were allowed. The
upper surface was assumed to be stress free.

We analyzed the behaviour of the numerical
code for different surface loads. The first test was

performed using the simpler case of a uniform
load applied to the whole of the upper surface. We
found the numerical result agreed with the analyti
cal solution within the computer precision.

In Fig. 1 we show the results of the comparison
between analytical (dashed) and numerical (solid)
solutions for a Bessel load (panel a) and a para
bolic load which corresponds to the equilibrium
figure of an ice sheet (panel b). In both panels the
buoyancy effect for the analytical solution is com
puted numerically using a step by step procedure.
In the first case, since Bessel functions are eigen
functions of the axisymmetric half-space, the dis
placement in the center of symmetry can be com
puted through the following expression (Cathles,
1975):

uo( t) = Uo [1 - exp( - pgt/271k)] (12)

(9)

(7)

(8)

(lO)
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where n = 1 for linear Maxwell rheology and n ~ 2
for non-linear rheology. 71/Tn-1 denotes the effec
tive viscosity and

now a scalar which is assumed constant within our

flat approximation. We subtract the matrix Ki~

from the local stiffness matrix Kij for the given
element.

Qur finite element algorithm is appropriate for
solving linear and non linear quasi-static viscoe
lastic problems. In this paper the model is special
ized to deal with a linear Maxwell rheology. We
found an implicit scheme to be satisfactory for our
purposes.

The constitutive equations for Maxwell rheol
ogy are as follows:

i=lrId+/3o (6)

/3 denotes the matrix of "viscoplastic strain rates"
(Hughes and Taylor, 1978) and 12 is the matrix of
the elastic properties. The explicit expression of
the matrix of the elastic properties is given by:

ED=----
- (1+1')(1-1')

x[(I~I') (1~I')

l' l'
O O

[ 4/3

Tn-l -2/3

p= 41J -~/3

Testing the numerical code

The numerical solutions have been checked

against an analytical scheme to verify the ef-

where k = 277 /À is the wave number of the Bessel
function and Uo is the viscous displacement in the
center at the equilibrium.

In Fig. 2 the time evolution of displacement in
the center of the load is shown. The solid curve

indicates the result of eqn. (12), the dashed curve
the semi-analytical solution and the dotted curve
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Fig. 2. Time evolution of displacement in the center of symme
try for a Bessel load. Solid curve represents the result of eqn.
(12), dashed curve represents the serni-analytical result and the
dotted cutvethefinite elements result. Uniform model parame-

. ters are the same as in Fig. 1.

(13)

Model parameter

The consequences of viscosity variations in the
upper portion of the mantle have been first ad
dressed in Sabadini et al. (1986). In the present
paper we are concemed with lateral viscosity het
erogeneities in the entire mantle. The viscosity in
the top 100 km is kept fixed at 1030 Pa· s to
reproduce an elastic lithosphere. The physical
properties of the model are appropriate for a
uniform Earth model (p = 3380 kg/m3, p.= 1.45
X 1011 N/m2). The load corresponds to a para
bolic ice-sheet with radius of 800 km and maxi

mum height of 2500 m which is suitable for Fen
noscandian rebound.

In the fOlIOwingwe show the effects of lateral
heterogeneities on vertical deformation at differ
ent distances from the center of the load. An

estimation of the perturbation in mantle viscosity
values due to lateral variations is also given.

Within our spectral approach, we assumed the
sinusoidal variation in the viscosity to be:

() (A )COS(27TX/;\)/21/ X = 1/0' ~1/

where 1/(x) is the viscosity varying in the horizon
tal direction, 1/0 is the logarithrnic average of the
viscosity, d1/ and 'li. denote the magnitude and
wavelength of lateral variation.

With the exception of some test cases in Fig. 6,
the viscosity high is located beneath the load. This
agrees with seismic tomographic results that indi
cate an anomalous high mantle velocity beneath
the shields (Grand, 1987).

The numerical results derived by Christensen
(1984) for temperature dependent viscosity, show
that lateral viscosity variations of around one or
two orders of magnitude may exist in a convection
celI. This is consistent with a reduced effective

enthalpy in the rheological law proposed by Tor
rance and Turcotte (1971). Without this reduction
in the enthalpy, we would expect larger viscosity
variations ranging from three to four orders of
magnitude. These large viscosity contrasts agree
with the estimates produced by the analyses of

the numerical solution. The comparison of these
curves shows that deviations among the three
solutions are smalIer than 5% of the total displace
ment.
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Fig. 1. Test of the numerical scheme. The surface load is
modulated by a Bessel function (panel a) and by a parabolic
profile (panel b). Solid and dashed curves correspond to the
numerical and serni-analytical schemes respectively. Model
parameters arep = 3380 kg/m3, J.L= 1.45 X 1011 N/m2, '1/ =1021

Pa·s. T is in Maxwell time units (218 years). DegIaciation
occurs at T = O.
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material properties (Weertman and Weertman,
1975; Mulargia et al., 1988); assuming lateral tem
perature variations in the mantle of the order of
1000 to 1500K (Anderson, 1987; Jeanloz and
Morris, 1986). Temperature dependent ca1cula
tions for small scale convection in the upper man
tle (Fleitout and Yuen, 1984), are consistent with
viscosity variations ranging from one to three
orders of magnitude. Stress-dependence in the
rheology can also be responsible for long-wave
length lateral heterogeneities in the viscosity of
around one order of magnitude (Christensen and
Yuen, 1989).

Discussion of the results

In Fig. 3 the instantaneous disintegration of the
ice-sheet occurs at T = O. Time is measured in
Maxwell relaxation time units of the uniform

model with ." = 1021 Pa· s which correspond to
218 yr. The parameter R denotes the distance
from the axis of symmetry, normalized with re
spect to the load radius. We follow the evolution
in time of the vertical displacement in the centre

145

(R = O) and periphery (R = 1) of the deglaciated
region. The wavelength À of the viscosity variation
is varied from R in panel a to 4R in panel (d).
The reference viscosity "'0 is kept fixed at 1021
Pa· s.

Comparing the resu1ts for a." = 102 (solid) and
a." = 104 (dashed), we see that lateral viscosity
variations are responsible for huge deviations from
the uniform mantle case (dotted). For short wave
lengths (top panels), we obtain large deviations
with enhanced displacements, especially in the
transient regime for T ~ 40. During the early stages
of the deformation process the effects of the ex
tremely low viscosity values overcome the viscos
ity highs beneath the load. A comparison between
the two laterally varying models shows these ef
fects more clearly. The model with a." = 104 pre
dicts in fact a faster initial relaxation than the

smoother model using a." = 102•

For longer wavelengths (bottom panels), the
viscosity high undertying the load becomes domi
nant, and the model with a." = 104 has a much
greater reduction in the rate of uplift, especially in
the centre, compared to the model with a." = 102•
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Fig. 3. Time evo!ution of vertical disp!acement at R = o and R = 1. Dotted curves refer to a uniform mode! of 1021 Pa . s. The values
of À are 800, 1600, 3200 and 6400 km from pane! (a) to pane! (d). Solid curves stand for ~'I = 102 while dashed ones stand for

~'I = 104• 'lo is kept fixed at 1021 Pa . s.
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The laterally varying models differ substantially
from the uniform mantle results in the whole time

span.
In the following we show that mantle viscosities

derived from radially stratified models have to be
modified when lateral heterogeneities are taken
into account in rebound studies. We have con

centrated our. attention on the centraI uplift in
Fennoscandia; observational data are provided by
Wolf (1987). In the following figures the solid
curves correspond to a uniform viscosity model of
1021 Pa· s. This calculation shows that a uniform

mantle viscosity is quite successful in reproducing
the essential features of post-glacial rebound. More
sophisticated radially stratified models in fact re
quire a rather uniform viscosity, unless the effects
of transient rheology are considered (Sabadini et
al., 1985; Yuen et al., 1986). Within the frame
work of a Maxwell rheology, a uniform mantle
represents an excellent reference model to quan
tify the effects of lateral heterogeneities.

Laterally varying models in Fig. 4, panel (a),
correspond to a À = 6400 km and a." = 102• The
average viscosity "'0 = 1021 and 1021 Pa· s cannot
be maintained when lateral variations are in

duded, as demonstrated by the dashed curve that
drastically deviates from the data. The parameter
"'0 must be readjusted to a value dose to 1020

P. GASPERINI AND R. SABADINI

Pa· sto fit the data (dash-dotted and dotted). The
best fit is obtained with "'0 = 1.4 X 1020 Pa· s
(dotted). This corresponds to a value of 1021 Pa· s
beneath the load which shows that for moderate

amplitude variation the results of previous radially
stratified models have to be taken as an estimate

of the viscosity in the mantle region underlying
the ice cap.

Panel b corresponds to À = 1600 km. The value
of the average viscosity which is appropriate for
long wavelengths does not fit the data (dash-dou
ble dotted). For lateral heterogeneities with wave
length comparable with the load size, the average
viscosity does not deviate significantly from the
findings of the uniform model. This is portrayed
by the dotted and dash-dotted curves, correspond
ing to "'0 = 2 X 1021 and 1021 Pa· s respectively. It
should be noted that the quality of data fitting
deteriorates for wavelengths comparable with the
load size, as shown in the panel. Even with the
highest quality solution (dotted), we encounter
some difficulties in reproducing the observed val
ues for T = 8000-9000 yr. B.P. An increase in the
viscosity up to 1022 Pa· s (dashed), does not help
to improve the solution. This result suggests that
rebound data can help to find the limits of the
wavelength and amplitude of lateral variations in
the whole mantle.
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We now analyzed the situation in which lateral
heterogeneities in the upper and lower mantle
show a different pattern. In Fig. 5 we compared
the effects of strong lateral variations in the whole
mantle with those due to heterogeneities limited to
the upper mantle (panel (a) and (b) respectively).
The symbols - and - are self-explanatory for
varying and uniform viscosities. In the radially
varying model (panel b) the uniform lower mantle
viscosity is kept fixed at 1021 Pa· sand the param
eter 1/0 has to be taken as the average viscosity of
the upper mantle. For lateral variations in the
whole mantle (panel a), the deformation pattern is
controlled by 1/0 which has to be lowered to values
dose to 1019 Pa· s for d1/ = 104• Note the sensitiv
ity of the results to the parameter 1/0' as brought
out by the large deviation between the two cases
corresponding to 1019 and 3 X 1019 Pa· s (dash
dotted and dotted respectively).

This set of resu1ts indicates that lower mantle

lateral variations have a strong influence on the
isostatic readjustment induced by a surface load.
The consequences of lower mantle rheology can be
better understood if we note that long wavelength
lateral heterogeneities, with d1/ as large as 104,

degrade our ability to reproduce the observed
data. The best fit in panel (a) (dotted) is not as
satisfactory as in panel (b) and this suggests that

rebound data could be inconsistent with the ex

istence in the lower mantle of strong lateral viscos
ity variations. Such heterogeneities are instead ad
missible only in the upper mantle. On the other
hand, long wavelength lateral variations with mag
nitude larger than one or two orders, are also
inconsistent with temperature dependent convec
tion calculations for the whole mantle.

In Fig. 6 we have allowed for a phase opposi
tion between the sinusoidal variations in the upper
and lower mantle viscosities. This pattern can be
thought of as representing a situation in which the
upper and lower mantle heterogeneities are totally
uncorrelated. The wavelength and magnitude of
the variation is the same in the upper and lower
mantle. In panel (a) two laterally varying models
already shown in previous figures are compared.
Starting from an homogeneous model in the verti
cal direction (panel (a), dashed), we gradually
complicate the mantle structure introducing a uni
form lower mantle (panel (a), dotted) and a
sinusoidal variation in the viscosity in the inner
layer (panel (b), dashed and dotted). The dashed
curve in panel (b) stands for an average lower
mantle viscosity 1/0 = 1021 Pa· s. The observed
data can be fitted with increasing 1/0 by an order
of magnitude (panel (b), dotted). This increase in
1/0 is made necessary to counteract the effects of
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the viscosity low in the deep mantle which under
lies the stiff upper mantle and surface load.

Conclusions

Values of mantle viscosity derived from radially
stratified models must be modified if long wave
length lateral variations exist within the planet.

The "canonical" value of 1021 Pa· s derived

from radially stratified models has to be taken as
an estimate of the average viscosity of the mantle
region underlying the load. Deviations from the
"canonical" value in other portions of the mantle
are controlled by the magnitude of lateral varia
tions. For smooth heterogeneities of around two
orders of magnitude, the average viscosity may
differ by one order of magnitude from the find
ings of radiaI models. Larger deviations are found
for greater heterogeneities of magnitude as high as
104• It should be noted, on the other hand, that
strong viscosity variations in the whole mantle
seem to be in contradiction with rebound data. In

addition, viscosity heterogeneities with a wave
length comparable to the load size decrease our
ability to fit the data.

When the interplay of vertical and lateral
stratification is considered, we find that the aver
age viscosities in the upper and lower mantle
strongly depend on the magnitude and pattern of
the heterogeneities in each layer. In addition, it
seems that strong lateral viscosity contrasts in the
upper mantle can coexist with a uniform lower
mantle.
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