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SUMMARY 
Seismic tomographic results and convection calculations support the evidence of horizontal 
temperature variations in the mantle. On the basis of commonly accepted rheological laws, 
we thus expect lateral variations in the viscosity of several oiders of magnitude. This paper is 
concerned with the effects of lateral viscosity variations on vertical displacement induced by 
Pleistocenic deglaciation. A finite-element scheme in axial symmetry mimics the relaxation 
process of a flat Earth model characterized by a linear Maxwell rheology. We follow a 
spectral approach to analyse the impact of lateral viscosity variations with different 
amplitudes and wavelengths. The potential impact of lithospheric thickening and viscosity 
increase in stable continental regions on the interpretation of sea level data is also analysed. 

Lateral viscosity heterogeneities are found to have strong influence on ground deforma- 
tions induced in deglaciated areas. From the analysis of sea level data near the centre of the 
former Fennoscandian ice sheet and the theoretical predictions of radially and laterally 
stratified Earth models, we explore the extent to which lateral viscosity contrasts may have 
influenced the inference of long-term mantle viscosity. 

While radially stratified models predict a rather uniform mantle viscosity, we show that 
lateral viscosity contrasts of 1 or 2 orders of magnitude are consistent with sea level data if the 
wavelength of the heterogeneity is comparable with the dimension of a convecting cell. In this 
case, the average viscosity can deviate by around an order of magnitude from the ‘canonical’ 
value of 10” Pa s predicted by rebound models in the past. Viscosity values close to lo2’ Pa s 
are found to be appropriate for the mantle region underlying the load. Long wavelength 
viscosity variations of 3 or 4 orders of magnitude degrade our ability to reproduce the 
observed uplift in the centre of the ice sheet and must be ruled out. 

For wavelengths comparable with the horizontal extension of the surface load and viscosity 
contrasts of 1 or 2 orders of magnitude, model results are found to be inconsistent with sea 
level data. These findings suggest that rebound modelling can become a useful tool to 
constrain the magnitude and wavelength of viscosity contrasts. 

Comparison between horizontally and vertically varying models indicates that lateral 
viscosity heterogeneities could have been interpreted as radial variations in previous rebound 
studies. 
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1 INTRODUCTION 

Our knowledge of the three-dimensional structure of the 
Earth’s interior has substantially improved after seismic 
tomographic results have become available. We are now 
aware of the existence of lateral heterogeneities in density 
and seismic velocities within the mantle (Dziewonski 1984; 
Woodhouse & Dziewonski 1984). 

As new seismic evidences of mantle heterogeneities are 
acquired, there is a need to update the Earth models 
commonly used in geodynamic studies, accounting for 
lateral variations in the physical properties of the Earth. 

Density and seismic velocity heterogeneities, inverted from 
seismic data, reflect temperature variations in the mantle 
and, consequently, viscosity contrasts. 

In this paper we focus our attention on the effects of 
lateral viscosity variations on the deformation field in 
deglaciated areas, following a finite element approach in 
axial symmetry. The Earth models that have been 
considered until now in rebound studies are radially 
stratified (Nakiboglu & Lambeck 1980; Wu & Peltier 1983; 
Sabadini, Yuen & Gasperini 1988). It is thus necessary to 
analyse the possible impact of lateral viscosity variations 
on the conclusions drawn from geophysical signatures 
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associated with Pleistocenic deglaciation. Redistribution of 
matter within the mantle is responsible for perturbations in 
the Earth’s rotation, gravity anomalies and vertical motions 
(Wu & Peltier 1983; Yuen et al. 1986). We limit our 
consideration to vertical deformation in the Fennoscandian 
region; we would like to draw attention to the potential 
effects of long wavelength lateral viscosity variations on 
Earth’s rotation (polar motion and length of the day 
variation) and geopotential perturbation induced by seismic 
excitations and glacial instabilities (Chao & Gross 1982; 
Sabadini et al. 1988). 

Preliminary findings by Richards & Hager (1989) show 
that post-glacial rebound must be very sensitive to lateral 
viscosity variations. These authors focused primarily on the 
effects of lateral viscosity variations on geoid anomalies 
induced in a convective Earth, and found that contamina- 
tion of the higher degree harmonics (I 2 4) must be 
expected. These authors made the prediction that steady 
state surface deformation induced by long-lived internal 
density heterogeneities is less affected by lateral viscosity 
variations than transient deformations associated with the 
Earth’s response to glacial loading. These analyses 
necessitate further investigations due to the importance of 
post-glacial rebound results in geodynamics. 

The magnitude of temperature-induced viscosity varia- 
tions can be estimated from rheological laws which depend 
exponentially on the temperature. In this paper we make 
use of the linear version of the viscosity equation proposed 
by Torrance & Turcotte (1971) to put bounds on lateral 
viscosity variations. The rationale for preferring this 
particular rheology stands on the application that this law 
has found in geophysical studies such as convection 
calculations (Christensen 1984). In a sense, we feel obliged 
to consider a linear rheological law in order to follow the 
tradition of the most popular rebound models that are based 
on linear Maxwell rheology. Our choice does not mean, of 
course, that non-linear effects have to be ruled out in 
rebound studies. On the contrary, we believe that the 
consequences of non-linearity must be investigated. 

The magnitude of horizontal temperature variations is 
subject to large uncertainties. Plausible values of the 
maximum lateral temperature variation are of the order of 
1000-1500K (Jeanloz & Morris 1986; Anderson 1987). On 
the basis of these estimates, semi-empirical approaches, 
which follow from material properties analyses, indicate that 
lateral viscosity contrasts of several orders of magnitude 
may exist in the mantle (Weertman & Weertman 1975). 
Convection results with temperature-dependent viscosity 
are consistent with these estimates (Nataf & Richter 
1982; Christensen 1984). As a matter of fact, in our 
modelling we allow for viscosity contrasts ranging from 
1 to 4 orders of magnitude, in agreement with these 
studies. 

Particular attention is devoted to sinusoidal viscosity 
variations in the horizontal direction. Different wavelengths 
with respect to the lateral extension of the load are 
analysed. This spectral approach allows a deep insight into 
the physics of the effects brought out by lateral variations. 
Vertical viscosity contrasts are not considered in the present 
modelling. Lateral heterogeneities are thus ‘in phase’ in the 
whole mantle for any vertical direction. Such a strong 
correlation between lateral variations in the upper and lower 

mantle does not result from seismic tomography (Dziewon- 
ski 1984; Woodhouse & Dziewonski 1984). However, we do 
not consider any radial stratification to emphasize the effects 
of lateral variations. The physics associated with radial 
stratification has been, on the other hand, widely addressed 
in the literature (Cathles 1975; Yuen et al. 1986). 

The anomalous high velocity of seismic waves beneath 
shield areas is symptomatic of a ‘cold’ and ‘stiff mantle 
(Jordan 1981; Woodhouse & Dziewonski 1984; Grand 
1987). We thus expect strong viscosity variations in the 
upper mantle underlying the shields where Pleistocenic 
ice-sheets were located (Canadian, Baltic-Siberian and 
Antarctic). Fennoscandian rebound, considered in this 
paper, involves the Baltic shield and surrounding regions. 
We have at our disposal a large amount of seismological 
information indicating the existence of lateral hetero- 
geneities in Fennoscandian region. P seismic wave data 
show very different velocity structures in the upper mantle 
beneath Eurasia, North Atlantic and Arctic Oceans (King & 
Calcagnile 1976; England, Worthington & King 1977; 
England, Kennett & Worthington 1978). These differences 
in the velocities presumably imply lateral variations in 
temperature and viscosity. Rayleigh-wave dispersion data 
are consistent with a lithospheric thickness exceeding 
170 km in the Bothnian Bay-central Finland area and 
100-110 km in the remaining Fennoscandian region (Panza, 
Mueller & Calcagnile 1980; Calcagnile 1982; Husebye et al. 
1986). In this region, we thus have the evidence of lateral 
variations both in lithospheric thickness and upper mantle 
physical properties. 

In the near future, we will have the chance to see more 
directly in sea level data the effects of lateral viscosity 
variations between continental and oceanic mantle regions. 
Nakada & Lambeck (1989) have, in fact, obtained 
indications for mantle viscosity contrasts between ocean 
island sites and continental margins from the examination of 
differential Holocene sea-levels at locations in the far field, 
away from the Arctic and Antarctic ice-sheets. 

2 MATHEMATICAL OVERVIEW 

In dealing with strong viscosity variations, ranging from 1 to 
4 orders of magnitude, we are obliged to follow a numerical 
scheme. The difficulties encountered by analytical methods 
come from the fact that, for laterally varying viscosity, the 
eigenmodes of the flow-fields are coupled, and a given 
eigenmode of the flow field can no longer be associated with 
a single component of the forcing load. Richards & Hager 
(1989), before resorting to numerical finite-element calcula- 
tions of geoid anomalies, developed a perturbation scheme 
to deal with lateral viscosity variations in a spherical 
convecting Earth. Within a few simplifying hypotheses, 
namely that viscosity contrasts are spatially in phase with the 
forcing density contrasts and that viscosity contrasts are 
small enough, these authors found that perturbation theory 
is correct for lateral variations smaller than an order of 
magnitude. Such a perturbative approach, even if limited by 
the smallness of the viscosity contrast, is definitively very 
appealing for its ability to enlighten the physics of mode 
coupling. 

We modified the code TECTON described by Melosh & 
Raefsky (1980, 1983) for treating the surface loading 
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problem of an axisymmetric half-space. The effects of 
isostatic compensation have been included. The tectonic 
structure of the continental shield in Fennoscandian region 
shows an almost circular pattern which can reasonably be 
approximated by our model (Calcagnile 1982). Sphericity 
effects can be neglected due to the small extension of the 
load (Wolf 1984). Our finite-element algorithm is appropri- 
ate for solving linear and non-linear quasi-static viscoelastic 
problems. In this paper the model is specialized to deal with 
a linear Maxwell rheology. The implicit and explicit 
algorithms (Hughes & Taylor 1978) are both implemented 
in the numerical code; for our problem, we found the 
implicit scheme to be more convenient. Quadrilateral 
elements are used with linear shape functions. 

The constitutive equations for Maxwell rheology are the 
following: 

b = D - l u  + /?a, (1) 
where E and u are the vectors containing the components of 
the strain and stress tensor respectively. For the 
axisymmetric case: 

E =  [Er r ,  ~ z z ,  ~ q x p f  ~ r z l  

u =  [%, uzz ,  u,,, 4, 
(2) 

(3) 
f i  denotes the matrix of 'viscoplastic strain rates' (Hughes & 
Taylor 1978) while D is the matrix of the elastic properties. 
The explicit expression of the f i  and D matrices can be 
found in the Appendix. The model is compressible. 

We completed the numerical code TECTON by inserting 
the buoyancy term due to the displacement of boundaries 
between layers of different density. The buoyancy force, 
which has to be taken into account if we want to model 
correctly the isostatic compensation of the surface load, can 
be introduced in the code by updating the local stiffness 
matrix in the proper way. This procedure is numerically 
stable with respect to the alternative method of inserting the 
buoyancy term in the local loading vector. To the first order, 
the explicit expression for the buoyancy force acting in the 
vertical direction is given below for the i-node of the 
element 

(4) 

where $i and $i are shape functions, g the gravity 
acceleration and uj the vertical displacement at the j-node of 
the element; p denotes the density of the material while S, 
and S, are the top and bottom boundary surfaces of the 
element. 

Since the gravity is perpendicular to the vertical sides of 
the quadrilateral element, the FP component can thus be 
written as: 

where S includes the lateral surfaces of the element and ri 
denotes the outward normal. The components of the 
displacement field enter linearly the above expression of the 
buoyancy force. We can thus introduce the K ;  matrix in the 
following way 

Table 1. Physical parameters for the uniform Earth model. 

Parameter Value 

Viscosity, 11 I@' Pa s 
Density, p 3380 Kg m-3 
Poisson modulus, v 0.25 
Young modulus, E 3.6 X 10" N m-* 

where 

K i  = -1 S p$i$ig - ii ds. (7) 

We can now apply the Gauss theorem to obtain a volume 
integral that can be handled by the standard routines of the 
code. Since we are only considering displacements along z 
direction, divergence involves a simple partial derivative 
with respect to z 

where V is the volume of the element. We subtract the 
matrix K ;  from the local stiffness matrix Kii for the given 
element. 

In the following we compare the results of the 
finite-element model with an analytical scheme to test the 
quality of our numerical solution. We consider some cases in 
which the density, elastic properties and viscosity of the half 
space are uniform. The parameters of the uniform model 
used for the figures displayed in Section 3 are given in Table 
1. The analytical solution for a compressible material has 
been derived from the equations appropriate for an elastic 
half-space (Landau & Lifshitz 1967). The correspondence 
principle has been applied to obtain the viscoelastic 
solution. 

We found it necessary to choose a dimension of the grid 
much larger than the horizontal length of the region in 
which the deformation is recorded. In order to avoid any 
difficulties with the finiteness of the domain, the depth and 
width of the grid are selected to be at least two orders of 
magnitude larger than the radius of the parabolic load 
characterizing Fennoscandian ice-sheet. In a standard grid 
we have -100 elements in the horizontal direction and 40 in 
the vertical direction. At the bottom of the grid we set the 
displacement components equal to zero (rigid boundary 
conditions). Along the axis of symmetry and the external 
vertical boundary of the grid, only vertical motions are 
allowed. The upper surface is assumed stress free. We 
analyse the behaviour of the solutions for different surface 
loads. 

Computations have been performed on a CRAY 
X-MP 48; typical storage size and execution time for a 4OOO 
element grid and 100 Maxwell times are of the order of 
2.5 Mwords and 600 s. 

3 COMPARISON BETWEEN NUMERICAL 
A N D  ANALYTICAL SOLUTION 

The simplest case corresponds to the situation of a uniform 
vertical load applied on the surface of the grid. In this test 
case the numerical and analytical solutions for the time 
dependent displacement are found to agree within the 
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computer precision. In Fig. 1 the horizontal variation of the 
surface load is given by the Bessel function &,, which is an 
eigenfunction of the half space in axial symmetry. The 
comparison between the numerical and analytical solutions 
for the vertical displacement is shown for different times 
after the unloading. The numerical and analytical solutions 
are given by the solid and dashed curves respectively. 

The value of the load in the centre corresponds to a 
height of 2500 m of ice. The load is subtracted at T = 0 to 
mimic an instantaneous deglaciation event; the curves 
corresponding to T = 0 provide the elastic displacement of 
the half space. Due to the smoothness of the load, the 
horizontal size of the elements is taken to be uniform except 
in the region where the amplitude of the Bessel function is 
drastically reduced; this portion of the grid is made coarser. 
Time intervals are measured in Maxwell times. With the 
model parameters of Table 1, Maxwell time corresponds to 
209 yr. The vertical displacement is provided for different 
Maxwell times T after the unloading and different distances 
from the centre of the load. 

In Fig. l(a) we do not account for the buoyancy force. 
The decrease of the upper surface upwarping caused by the 

1 Without Buoyancy 

5 o o k '  " ' I ' I ' I ' " ' ' 

With  Buoyancy 

0 2000 4000 I 6000 

Distance (km) 
F i r e  1. Test of the numerical scheme. The surface load is 
modulated by a Bessel function. Solid and dashed curves 
correspond to the numerical and analytical schemes respectively. 
Model parameters are given in Table 1. T is in Maxwell time units 
(219 yr). Deglaciation occurs at T = 0. 

buoyancy force is shown in Fig. l(b). In Fig. l(a) we find 
that after the elastic contribution at T = 0, the displacement 
increases linearly with time. As the deformation becomes 
larger, the numerical solution deteriorates. The percentage 
error between the numerical and analytical schemes is on 
the other hand very small. When the buoyancy is 
considered, the system is close to the configuration of 
isostatic equilibrium after 30 Maxwell times. In this case we 
also get a very high quality numerical solution, the largest 
deviation being around 3-4 per cent in the centre. It is 
important to emphasize that the largest deviations occur in 
the central region. This is due to the intrinsic difficulties 
encountered by a finite element scheme in modelling an 
axisymmetric problem. The strain tensor is in fact singular 
for r = O  (Zienkiewicz 1977), and the numerical code 
underestimates the value of the strain avoiding the 
singularity of the strain tensor. This implies a lower quality 
solution in the central region. It must be noted that the 
zeros of the eigenfunction are exactly reproduced in both 
panels for the whole time span that we have analysed. 
Deviations in the right portions of the curves are due to 
truncation effects in the surface load entering the numerical 
scheme. 

In Fig. 2 we perform a test for a highly non-uniform 
surface ice load with a parabolic profile and a thickness of 

2000 , , , , , , , , , I 

0 
800 

Parabolic load 
Without buoyancy 

A 

E v With buoyancy 

E 
CI c 
Q) 

0 m 

u) 

- 
n 

B 

0 
0 Distance(km1 2000 

Figure 2. Test of the numerical scheme. The surface load has a 
parabolic profile and the radius is 800 km. Solid and dashed curves 
have the same significance as Fig. 1. 
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L I I I I I I  I I I I I I I I 1 1  I I 2500 m in the centre. The radius of the load is 800 km to 
simulate the characteristics of Fennoscandian ice-sheet 
(Wolf 1986). These load parameters will be used 
throughout. When comparison is made with Fig. 1, we note 
that in both panels deviations between numerical solutions 
(solid curves) and analytical ones (dashed curves) occur 
earlier for the parabolic load. This is due to the strong 
non-uniformity of the parabolic load with respect to the 
Bessel load. In the top panel, where the buoyancy is not 
accounted for, we find that after 30Maxwell times and a 
total displacement in the centre of 1500m, the deviation 
between the two solutions is around 8 per cent. The solution 
deteriorates uniformly in the whole domain. In Fig. 2(b) the 
buoyancy reduces the deformation, limiting to around 6 
per cent the maximum deviation of the numerical scheme. A 
deviation of 5-6 per cent in the whole time domain is quite 
satisfactory for our time dependent, non-uniform problem. 

At the end of this section we discuss the effects of 
discretization both in space and time. In Fig. 3 we show the 
displacement field for two different grids. The curves T = 0, 
10 and 60 correspond to three different times after the 
unloading event. Dashed curves correspond to a uniform 
stepsize of 80 km in the horizontal directions, as portrayed 
by the second strip in Fig. 3(a). The refinement of the grid 
in the periphery of the load improves the quality of the 
solution in a region characterized by large deformation 
gradients. Solid curves correspond to the more refined grid 
of the top strip that is used throughout in this paper. Further 
refinement does not improve the solution. 

The consequences of discretization in time are shown in 
Fig. 4 where dashed curves correspond to the larger time 
steps of the second strip. The deformation is shown for 
varying distances R from the axis of symmetry, normalized 
with respect to the load radius. The finer time stepping 
(solid curves) helps to improve the solution, especially in the 
transient portion of the deformation. It is quite remarkable 
that a huge refinement in time stepping produces a small 
modification in the solution. Strong lateral and radial 
viscosity contrasts can eventually modify these results. 

r i 1 1 1 1 1 1 1 i i l l l l l l l l l i n l l l l l l l l l i I l i l l [ l l l 1 l l l i 1 1 i 1 1 1 1 1  I I I I I I I I  
I l l l l l l l l l l l l l l l l l l  I I I I I J  

E 
Y 
c, E al 
0 m 
UJ 

- a 
b' 

0 Distance (km) 2000 

Figure 3. Effects of space discretization on the numerical solution. 
Top and bottom strips correspond to solid and dashed curves 
respectively. 
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C 
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- 
b' 
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0 Time (Maxwell times) 60 

Fire 4. Effects of time discretization on the numerical solution. 
Top and bottom strips correspond to solid and dashed curves 
respectively. 

4 DISCUSSION OF THE RESULTS 

In this section we show the effects of lateral variations in 
lithospheric thickness and mantle viscosity. The potential 
impact of viscosity variations in the upper portion of the 
mantle has been already addressed in Sabadini, Yuen & 
Portney (1986). In the following we are mainly concerned 
with lateral viscosity variations in the whole mantle. 
Viscosity in the top layers is increased to 1031 Pas  to 
reproduce the elastic properties of the lithosphere, while the 
density and elastic moduli of Table 1 are kept constant. 

The instantaneous disintegration of the ice-sheet occurs at 
T =O.  In Fig. 5, which deals with lithospheric thickness 
variations, we follow the evolution in time of the vertical 
displacement at different distances R from the centre of the 
load. Dotted and dashed curves stand for two reference 
models with uniformly thick lithospheres of 80 and 200 km 
respectively. The model with thin lithosphere predicts larger 
displacements, especially in the load periphery which is 
characterized by a reduction in the upward displacement, 
for T larger than 20 Maxwell times. Solid curves correspond 
to a laterally stratified model, characterized by a thick 
continental lithosphere of 200 km beneath the surface load. 
The thick lithospheric portion is surrounded by a thin 
oceanic lithosphere of 80km. This model can thus be 
thought to be an adequate approximation of the 
Fennoscandian region. 

From Fig. 5(a) to (d), the transition between the thick 
continental and thin oceanic lithosphere is placed respec- 
tively at 400, 600, loo0 and 1200km from the axis of 
symmetry. In Fig. 5(a) the displacement in the centre (solid 
curve) is strongly inhibited and almost reaches the limit of 
the uniformly thick lithosphere (dashed curve). Central 
displacement in deglaciated areas are quite sensitive to the 
lateral extension of the thick portion of the underlying 
lithosphere. At sites sufficiently far away from the 
transition, the displacements are slightly affected by the 
increase in lithospheric thickness of Fig. l(a). We find, in 
fact, that solid and dotted curves for R ranging between 0.75 
and 1.25 almost superimpose. In Fig. 5(b) .also, the 
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Figure 5. Effects of lithospheric thickness variations. Surface displacement is recorded at different distances R from the axis of symmetry. Solid 
curves stand for the laterally varying model, while dotted and dashed curves correspond to uniform lithospheres of 80 and 200 km, respectively. 
The distance from the axis of symmetry of the transition between the thick and thin lithosphere is 400, 600, loo0 and 1200 km from (a) to (d). 

displacement in the periphery is affected by lithospheric 
thickening: this is shown by the solid curve, corresponding 
to R = 1.25, which comes closer to the dashed curve that 
stands for the uniformly thick lithosphere. In Fig. 5(c) the 
load is well within the continental region. In this case the 
laterally varying model reproduces well enough the results 
of the uniformly thick lithosphere. Only for R = 1.25 does 
this model deviate from the results of the uniformly thick 
lithosphere (dashed curve). The limit of the uniform model 
is reached in Fig. 5(d). The real tectonic configuration for 
the lithosphere in Fennoscandia is properly modelled by Fig. 
5(a) and (b) where the extension of the shield area is 
consistent with seismic data. 

We now analyse the effects of lateral viscosity variations 
in the whole mantle. Our aim is to understand whether the 
existence of lateral variations can degrade our ability to 
estimate the viscosity profile from rebound data. Until now, 
only radially stratified models have been considered in 
rebound studies: it is thus reasonable to suspect that the 
viscosity values inferred in the past could be, to some 

extent, in error as a consequence of the intrinsic deficiency 
of Earth models that do  not include lateral variations. 
Realistic modelling would account for the results of seismic 
tomography or viscosity fields derived from convection 
calculations. This approach is definitively too premature in 
rebound studies. As a start, we concentrate our attention on 
the physics brought out by lateral variations. We consider 
two kinds of heterogeneities. 

The first model involves an abrupt transition from the 
high viscosity region beneath a continental area to the lower 
viscosity in the surrounding mantle. The justification for this 
kind of viscosity variation stands on the evidence, in the 
North American plate, of a very sharp transition from slow 
to fast shallow mantle seismic velocities between a stable 
continental area and younger tectonic regions (Grand 1987). 
These velocity contrasts extend to a depth of 400 km, and 
are attributed to temperature controlled anelastic processes 
in the mantle (Anderson & Bass 1984). 

The second kind of variation is characterized by a 
sinusoidal variation in the logarithm of the viscosity that 
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reflects the exponential dependence of this parameter on the 
temperature 

~ ( n )  = v0 exp [In (Ag)  cos (2m/A)/21, (9) 
where r ] (x)  is the viscosity varying in the horizontal 
direction, r ] ,  is the reference viscosity of the uniform model; 
Ar] and A denote the magnitude and wavelength of lateral 
variation. The parameter r]” denotes the arithmetic average 
of the logarithm of the viscosity; this average weighs the 
orders of magnitude of the viscosity in each region of the 
mantle. For Ar] = 0, the parameter r ] ,  can be interpreted as 
the reference viscosity of the uniform model. 

We can estimate the range of values for Ar] from 
self-consistent numerical calculations of convection with 
temperature-dependent viscosity. Christensen (1984) applied 
the following rheological law proposed by Torrance & 
Turcotte (1971) in his numerical model 

(10) 
H* + 36.912(1- Z) 0 5 z 5 1 

~ ( z ,  T) = A  exp ( 2.088+ T { O s T s I ,  

where A is a constant, z and T denote the dimensionless 
depth and temperature in the convecting cell and H’ is the 
activation enthalpy fixed at 76.912. This relationship 
corresponds to the Newtonian case as discussed here. The 
depth-dependent term in equation (10) accounts for the 
hydrostatic pressure and can thus be neglected if we focus 
on lateral viscosity variations induced by temperature 
gradients. 

It is appropriate for the Newtonian rheology to replace 
the activation enthalpy H* in equation (10) with a reduced 
‘effective’ enthalpy H,* = pH*, with /3 ranging between 0.3 
and 0.6. With this modification in equation (lo), the flow 
and temperature pattern of Newtonian and non-Newtonian 
rheologies become quite similar (Christensen 1984). A 
reduced activation enthalpy implies a weaker dependence of 
the viscosity on the temperature. Lateral viscosity variations 
of one or two orders of magnitude are obtained for T 
spanning the interval 0.0-0.7. These values are repre- 
sentative of the temperature in the cold downwelling and its 
average in the convecting cell (Christensen 1984). Without 
this reduction in the activation enthalpy, we easily get 3 to 4 
orders of magnitude variation in the viscosity. Lateral 
viscosity variations of 2 to 3 orders of magnitude have also 
been obtained for steady state, secondary convection 
beneath the lithosphere for Newtonian rheology (Fleitout & 
Yuen 1984). Some cases with high lateral viscosity contrasts 
are also shown. Lithospheric thickness is fixed at 100 km in 
the following calculations. 
In Fig. 6 dashed and dotted curves correspond to uniform 

reference models of loz1 and 10” Pa s, respectively. 
Viscosity is uniform in the vertical direction and varies 
abruptly in the horizontal direction for the laterally varying 
model (solid curves). The high viscosity region is located 
beneath the load: due to the axial symmetry, we thus have a 
cylinder where the viscosity is increased with respect to the 
surrounding mantle. The viscosity jump is fixed at one order 
of magnitude. 

The radius of the high viscosity region varies between 400 
and 1600 km from Fig. 6(a) to (d). It is interesting to note in 
Fig. 6(a) that a viscosity increase in a region of small lateral 
extension beneath the load is responsible for a huge 

reduction of the uplift in the centre. In the periphery of the 
ice-sheet, corresponding to R = 1.0 and R = 1.25, vertical 
deformation is only slightly affected. The deformation 
pattern at the edge of the load for the laterally varying 
model is quite different from the limit of the uniform high 
viscosity case. If we increase the radius of the high viscosity 
region to 800 and 1200 km [Figs 6(b) and (c)], deformation 
tends to decrease in the whole domain. In these figures the 
results for R = 1.25 deviate from the uniformly low viscosity 
model. Increasing the radius of the high viscosity region to 
1600 km [Fig. 6(d)], the results of the laterally varying 
model approach the uniform high viscosity case. It is 
noteworthy that the lower viscosity is still felt by the 
deformation. In the centre, the deviation between the two 
models is limited to around 15 per cent while in the load 
periphery we still remain within a 30-40 per cent deviation. 
From Fig. 6 we deduce that displacement in the centre of a 
deglaciated area is highly sensitive to global lateral viscosity 
variations. A relatively mild viscosity variation of 1 order of 
magnitude can in fact drastically inhibit the deformation. It 
is well known that viscosity increase with depth can also 
reduce the uplift in the centre. This result is in fact 
commonly used to infer the Earth’s viscosity profile (Yuen et 
al. 1986). On the basis of these preliminary findings, we 
have thus to expect that lateral viscosity contrasts can 
drastically affect our ability to resolve viscosity versus depth 
in the mantle; we address this issue more closely in the 
following. 

From now on, viscosity variations are subject to equation 
(9) and both parameters Ag and A are varied. The 
wavelength A is varied between 800 and 6400 km. For these 
sinusoidal variations, a viscosity maximum is taken to be ‘in 
phase’ with the surface load, except for the results of Fig. 
l l(b).  This ‘in phase’ model is in agreement with results 
from seismic tomography that indicate an anomalous high 
velocity mantle beneath the shields (Woodhouse & 
Dziewonski 1984; Grand 1987). Geochemical arguments 
also support this ‘in phase’ model, characterized by a stiffer 
mantle beneath the surface load. An increase in the 
thickness of the chemical boundary layer beneath stable 
continental areas, acts to stabilize and to thicken the 
thermal boundary layer against disruption due to convection 
(Jordan 1981). The thickening of the chemical and thermal 
boundary layers is associated with a mechanically stiffer and 
more viscous upper mantle. 

Insertions are provided to emphasize the wavelength of 
lateral variations with respect to the extension of the load. 
In Fig. 6(a) and (b) we thus provide lateral variations with 
wavelength comparable with the extension of the load. In 
Fig. 6(c) and (d) the wavelength is comparable with the 
lateral dimension of a convecting cell. 

Uniform reference models of loz1 and 10” Pa s are given 
in Fig. 7(a) (dashed curve) and Fig. 7(d) (dotted curve). The 
parameter r ] ,  in the laterally varying model is fixed at 
3 x loz1 P a s  so that the peak values of r ] (x)  coincide with 
the values of the uniform models. We have to address the 
following points: 

(i) The gross features of the deformation pattern are 
controlled by go; this explains the drastic deviations from 
the uniform low viscosity model, both in the centre and 
periphery where subsidence is strongly reduced. 

(ii) The fine features of the deformation are controlled by 
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Figure 6. Step-like variations in mantle viscosity. The lateral extension of the high viscosity region is 400 km (a), 800 krn (b), 1200 krn (c) and 
1600 km (d). Dashed and dotted curves stand for the uniform models with loz1 and 102’ Pa s. Solid curves correspond to lateral variations. 

the wavelength A. The increase in this parameter from 800 
to 6400 km produces a 30 per cent reduction of the uplift in 
the centre. Deformation for R = 0.75 is strongly affected by 
the relative position of the observation point with respect to 
the highs and lows in the viscosity. This results from the 
comparison of Fig. 7(a) and (b). When the edge of the load 
is located over the viscosity low, as in Fig. 7(b), the uplift 
for R = 0.75 is enhanced. From the analysis of the bottom 
figure we find, as expected, that the laterally varying model 
approaches the uniform high viscosity limit for A >> 800 km. 

Figure 8 carries out the comparison between lateral 
viscosity variations of 1 and 2 orders of magnitude. Dashed 
and solid curves correspond to Ar] = 10 and lo2, 
respectively. The parameter r],, = 3 x Id1 Pa s is the same 
for both models. For wavelengths comparable with the load 
size [Fig. 8(a) and (b)], the amount of deformation is 
controlled by q0. For T230-40Maxwell times, the 
deformation is in fact essentially undistinguishable from 
1=800  and 1600km. It is worthwhile to point out, on the 
other hand, that for Ar] = 10’ the uplift is enhanced during 
the early stage of the deformation. This is due to the 

extremely low viscosity values, around 3 x Ido Pa s, that 
overcome the viscosity high beneath the load for Ar] = 10’. 
As the wavelength is increased [Fig. 8(c) and (d)], the 
viscosity high becomes dominant, and the model with 
Ar] = Id (solid curves) experiences a huge reduction in the 
uplift. 

From the analysis of Fig. 8 we find that uplift in 
deglaciated area is quite sensitive to the values of Ar], 1 and 
v0. We thus expect that viscosity values inferred within the 
framework of radially stratified models must be modified 
when lateral variations are taken into account. If the model 
can only provide radial variations, the viscosity in each layer 
is assumed to be representative of an average value. In the 
presence of lateral stratification, the average viscosity is only 
one of the parameters that control the deformation and it 
must be readjusted if we wish to reproduce the findings of 
the radial model. This issue is addressed in the following 
where we focus on the uplift in the centre of the former 
Fennoscandian ice-sheet. This set of data is in fact more 
stable with respect to uncertainties in the description of the 
load, and it is thus more reliable in the inversion of mantle 
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Figure 7. Effects of sinusoidal variations in mantle viscosity (solid curves). The wavelength is given in the inserts with respect to the load size 
and corresponds to 800 km (a), 1600 km (b), 3200 km (c) and 6400 km (d). Parameters Aq and qo are fixed at 10 and 3 X loz1 Pas. Dashed and 
dotted curves correspond to uniform models with viscosities of Id' and IdZ Pa s respectively. 

viscosity than displacement in the periphery (Nakada & 
Lambeck 1987). 

Figure 9 provides a global view of the deformation both in 
time and space. Curves parallel to the axis of the distances 
furnish the displacement at a fixed time. The time evolution 
of the displacement at a fixed observation point is obtained 
from curves parallel to the time axis. Fig. 9(a)-(d) 
correspond to A ranging from 800 to 6400 km as in Fig. 8. 
The magnitude of A7 is fixed at I d  in each figure. From the 
comparison of Fig. 9(a) and (b) we find that the excess of 
soft material underlying the load edge favours the uplift for 
R = 0.5-0.75 and flattens the deformation pattern in the 
central region. This effect becomes more pronounced as 
time increases. For longer wavelengths [Fig. 9(c) and (d)], 
vertical movements in the central region are inhibited, and 
uplift in the periphery is enhanced [Fig. 9(d)]. The most 
striking result is that lateral variations can be responsible for 
modifications in the shape of the deformation pattern both 
in time and space. High quality observational data in a 
deglaciated area can thus discriminate among different 
patterns of lateral variations. 

Our goal now is to show that viscosity values inferred 
from rebound data can be affected by horizontal viscosity 
contrasts. Uplift data in Fennoscandian region are 
considered. We focus on this region because a large variety 
of seismological and gravity data on the tectonic setting of 
the area is now becoming available, thus stimulating the 
interest for modelling results. In the following figures, 
central uplift data are taken from Wolf (1987). Also for this 
set of calculations we assume a simple deglaciation history 
for an ice-sheet disintegrating instantaneously at t = 13000 yr 
before the present. Displacements are measured relative to 
the height at the present time. We included the error bars 
in time to emphasize a possible uncertainty of 2 x lo3 yr in 
the timing of deglaciation. From now on, solid curves 
denote the model results for a uniform mantle with a 
viscosity of 1021 Pas. We have chosen this simple example 
as a reference model because it clearly shows that a uniform 
mantle viscosity close to 1d 'Pas  is appropriate to 
reproduce the essential features of post-glacial rebound 
(Wolf 1986, 1987). Radially stratified models have been 
discussed in the literature and the general conclusion is that 
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F i  8. Sinusoidal variations in mantle viscosity. The average viscosity qo is fixed at 3 X Id' Pa s. Solid and dashed curves correspond to 
Aq = ld and Aq = 10. 

rebound data require a rather uniform viscosity (Wu & 
Peltier 1983; Yuen et d. 1986). It is necessary to emphasize 
that this result stands on the assumption that the rheology 
appropriate for the mantle is a linear Maxwell rheology. 
When the effects of transient creep are considered in the 
modelling, an increase of at least an order of magnitude in 
lower mantle viscosity is found necessary to reproduce the 
whole set of geophysical signals associated with post-glacial 
rebound (Peltier 1985; Sabadini, Yuen & Gasperini 1985; 
Muller 1986; Kornig & Muller 1989). If we avoid the issue 
of transient rheology, we can thus consider the uniform 
mantle as an excellent reference model to quantify the 
effects of lateral variations in the inversion of mantle 
viscosity . 

We first compare in Fig. 10 the findings of the uniform 
viscosity case (solid curves) with the results of a laterally 
varying model (dashed curves) in which the parameter is 
fixed at 102'Pas and A is 6400km. Fig. 10(a) and (b) 
correspond to Ar] = 10 and Ar] = lo2. Long wavelength 
viscosity contrasts drastically modify the time dependence of 
the uplift in the centre. As expected, the effects of lateral 
variations are smoother for Ar] = 10. This reduction in the 

central uplift is due to the viscosity increase beneath the 
load with respect to 1021 Pa s. The stiffer mantle underlying 
the ice-sheet takes a longer time to relax and inhibits the 
uplift during the early stage of the deformation. 

in the laterally varying 
model to reproduce the observed uplift and the findings of 
the uniform model. Observational data require lo = 
3 x 1OZoPa s [dotted curve in Fig. lO(a)] and 1.4 x lo2' Pa s 
[dotted curve in Fig. 10(b)]. With these readjusted 
viscosities, we now obtain a value close to 1021 Pas  for the 
viscosity high beneath the load. 

We conclude from this analysis that smooth lateral 
viscosity contrasts, characterized by long wavelengths with 
respect to the load size, require the commonly accepted 
value of 1021 Pas,  appropriate for the uniform model, only 
in the mantle region underlying the load. This value is no 
longer representative of the average viscosity in the whole 
mantle: the parameter q0 has in fact to be reduced with 
respect to the value appropriate for the uniform model. 

In Fig. 11, A is held fixed at 6400km and Ar] is now 
increased to lo4. In Fig. l l (a ) ,  the viscosity high is located 
beneath the load. In Fig. l l (b)  the load has a viscosity low 

We now modify the parameter 
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Fiiure 9. Both the space and time dependence of the deformation are emphasized for these laterally varying models. Sinusoidal variations with 
Aq = Id and qo = 3 x Id’ Pas are considered. The wavelength I has the following values: 800 km (a), 1600 km (b), 3200 km (c) and 6400 km 
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underneath, as emphasized by the insert. In Fig. ll(a) 
and (b) dashed curves correspond respectively to r],= 
10”Pas and go= loz3 Pas which give, in both cases, a 
value of 102’Pas beneath the load. In Fig. l l(a) a better 
agreement with the data can be obtained by increasing the 
parameter r ] ,  to 3 x 10” Pas (dotted curve); we thus get a 
value of 3 x lo2’ Pa s for the viscosity beneath the load. In 
Fig. ll(b) the readjusted q ,  is 5 X Pa s (dotted curve); 
in this case the viscosity of the mantle underlying the load is 
5 x lo2’ Pas. For values of Ar] of at least 4 orders of 
magnitude, we find that the viscosity of the region 
underlying the load has to be modified by a factor 2 or 3 
with respect to the value of 1OZ1Pas derived for ‘mild’ 
viscosity contrasts of 1 or 2 orders of magnitude. 

We must notice that viscosity contrasts of 4 orders of 
magnitude drastically degrade our ability to reproduce the 
uplift in the centre for the ‘in phase’ model. The best fit, 
dotted curve in Fig. ll(a), gives too much deformation after 
the unloading: on the basis of this result, we can discard 
strong viscosity contrasts as high as 4 orders of magnitude. 

From Figs 10 and 11 we find that for long wavelength 
variations and Earth models characterized by a high 
viscosity mantle beneath the surface load, the average 
viscosity r ] ,  has to be reduced with respect to the value 
predicted by the uniform models. The deviation from 
lo2’ Pa s is controlled by the parameter Ag and ranges from 
a factor of 3 to 1 order of magnitude for lateral variations of 
1 and 2 orders of magnitude. 

Figure 12 is devoted to the analysis of the deformation in 
the periphery of the load (R = 1.25). Aq and A are fixed at 
Id and 6400km. The dashed curve corresponds to 
r],= loz1 Pas. We find that the value of 1.4 x ld’Pas for 
the parameter r ] ,  (dash-dotted curve) which is appropriate for 
the uplift in the centre, is no longer valid for the periphery. 
The predictions of the uniform model (solid curve) can be 
reproduced by increasing the value of the parameter qo, 
as portrayed by the dotted curve which corresponds to 
r ] ,  = 4 x 10’’ Pa s. Readjusted viscosity values are somewhat 
different for displacement in the centre and periphery of the 
load. This is not surprising, if we think that these 
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Figure 10. Uplift in the centre of Fennoscandia is provided as a function of time before the present which is chosen at t = 0. Observational data 
are also given. The wavelength 1 is fixed at 6400 km for the laterally varying models (dashed and dotted). Panels correspond to Ar] = 10 (a) 
and I d  (b), respectively. The uniform model with 1021 Pas is given by the solid curve. Dashed curves correspond to ‘lo = lo2’ Pa s. The dotted 
curves correspond to q0 = 3 x 10’’ Pas in (a) and 1.4 x 10” Pas in (b). 
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w e  11. Lateral varying models are characterized by 1 = 6400 km and Ar] = lo4. The uniform model with r]  = lo2‘ Pa s is also shown. The 
viscosity high is located beneath the load in (a). In (b) we find the viscosity low beneath the load. Dashed curves stand for qo = 10’’ Pa s in (a) 
and r],, = ld3 Pa s in (b). Dotted curve corresponds to qo = 3 X 10’’ Pas in (a) and to q0 = 5 x ld2 Pa s in (b). 
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is similar to the case of a radially stratified model in which a 
viscosity increase is allowed across the 670 km seismic 
discontinuity. In this case, the lower mantle viscosity which is 
required to fit the uniform model in the periphery is a factor 
of 2 or 3 lower than the value that is needed to reproduce 
the uplift in the centre (Yuen et al. 1986). Nakada & 
Lambeck (1987) have shown that sea-level changes close to 
the ice margin are equally sensitive to mantle rheology as to 
the detailed description of the geographical distribution of 
the loads and rates of melting. It is thus clear that the effects 
of lateral variations in mantle viscosity on sea level changes 
in the load periphery cannot be separated from the effects 
due to uncertainties in the ice loads, unless better 
constraints on the ice models become available. 

It is worthwhile to show some calculations for 
wavelengths I comparable with the load size. In Fig. 13, we 
have A=800km [Fig. 13(a)] and A=1600km [Fig. 13(b)]. 
Aq  is fixed at 10’. Dashed curves stand for q,  = 1021 Pas. 
For very short wavelength variations [Fig. 13(a)], the 
displacement in the centre of the laterally varying model 
(dashed curve) is very similar to the predictions of the 
uniform model (solid curve). 

For I = 1600 km, the solution corresponding to qo = 
1OZ1Pas deviates from the observational data, and it is 
necessary to increase the value of qo to 3 x Id’ Pa s to get a 
better fit [dotted curve in Fig. 13(b)]. As in the case of long 
wavelength viscosity contrasts with Aq = lo4, the agreement 
with the data cannot be considered completely satisfactory. 
The dash-dotted curve corresponds to qo = 1.4 X Ido Pa S, 

1 - 
E /--. - .  ‘. - 

r=1000 km - 

0 

Figure U. Displacement in the periphery or the load ( R  = 1.25). 
Solid curve stands for the uniform model with q = 10” Pas. For 
dashed, dotted and dash-dotted curves I is fixed at 6400 km and Aq 
is 10’. The average viscosity qo is I d ’  Pas for the dashed curve, 
4 X 10zoPas for the dotted curve and 1.4 X 10ZoPas for the 
dash-dotted one. 

observational points sample different viscosity regions. In 
particular, the periphery experiences the effects of soft 
material and this explains the higher values that are needed 
to reproduce the results of the uniform model. This finding 

t x lo3 (yr) 
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-13 
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Figure W .  The parameter Aq is fixed at Id. The wavelength is varied from 800 km (a) to 1600 km (b). The uniform model with 1d’Pas is 
given by the solid curves. Dashed curves correspond to ‘lo = 10” Pas. The dotted curve stands for qo = 3 X loz1 Pas and the dash-dotted one 
corresponds to ‘lo = 1.4 X 10’’ Pas. 
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-800 

which is the value that produces the best fit for 
A = 6400 km. 

Similar behaviour is seen for A = 3200 km (Fig. 14). In this 
case qo has to be reduced to 6 x 10’’ Pa s to obtain the best 
fit (dotted curve). The difficulties that we encounter in data 
fitting for 2 = 1600-3200 km are due to the effects of the soft 
material in the vicinity of the load which relaxes very 
rapidly, enhancing the uplift during the early stage of the 
deformation. It is interesting to note that, for different 
wavelengths, lateral heterogeneities produce opposite effects 
on the inferred average viscosity. If the viscosity high 
dominates, we have to reduce the parameter qo. This occurs 
for A 2 3200 km. For A = 1600 km the viscosity low controls 
the deformation, and qo has to be increased by a factor of 3. 

In Fig. 15 we show that lateral heterogeneities can be 
‘seen’ as vertical variations if radially stratified models are 
used to study rebound data. The displacement in the centre 
is shown for a laterally varying model with qo = 1.4 x 
lO’OPas, Aq = lo2, A=6400km (solid curve) and a 
vertically stratified model with qUM = 0.5 X loz1 Pa s in the 
upper mantle and qLM = 2 X loz1 P a s  in the lower mantle 
(dashed curve). The transition in the vertically stratified 
model is located at a depth of 670km. The boundary 
conditions at this interface are appropriate for an adiabatic 
mantle (Yuen et al. 1986). The results are essentially 
identical for the two models. 
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F i r e  15. Comparison between vertically and horizontally 
stratified models. Dashed curve stands for the laterally varying 
model with A = 6400 km, qo = 1.4 X 10” Pas and Aq = lo2. Solid 
curve stands for the vertically stratified model with upper-mantle 
viscosity qUM = 5 x 10” Pas and lower-mantle viscosity qLM = 
2 x l d ’ ~ a s .  

5 CONCLUSIONS 

Lateral viscosity variations induced by temperature gradi- 
ents in the mantle strongly affect the deformation field in 
deglaciated areas. In particular, uplift in the centre is 
influenced by lateral variations with characteristic wave- 
lengths larger than the load size. In the load periphery, 
vertical motions are very sensitive to short wavelength 
variations and to mantle viscosity beneath the load edge. 
These findings are obtained following a spectral approach 
with the magnitude of the lateral variation ranging between 
1 and 4 orders of magnitude, in agreement with convection 
calculations and laboratory data. Simpler models charac- 
terized by sharp viscosity variations strengthen these results. 
Deformation pattern is also found to be sensitive to 
lithospheric thickness variations between continental and 
oceanic zones. 

In radially stratified models the viscosity of each layer 
must necessarily be intended as an average value in the 
horizontal direction. In our modelling, two more para- 
meters, the magnitude and wavelength of the lateral 
variation, enter into play. For wavelengths comparable with 
the lateral dimension of a convecting cell, we find that 
rebound data in the centre are consistent with lateral 
variations in the viscosity of at most two orders of 
magnitude. Stronger variations do not allow a satisfactory fit 
of the observed data. The commonly accepted values close 
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to 102’Pas, derived from uniform models, are appropriate 
only for the mantle region underlying the load. For long 
wavelength variations of 1 or 2 orders of magnitude, 
deviations of around 1 order of magnitude have to be 
expected between uniform and laterally stratified models in 
the estimates of the average viscosity. 

Our findings have been obtained for the Fennoscandian 
ice-sheet, but they can be generalized to Laurentide 
rebound due to the self-similarity of the solution. It has to 
be pointed out that sphericity effects will be noticeable for 
Laurentide ice-sheet, but we expect that our conclusions will 
not be substantially altered. 

Short wavelength lateral variations are not felt by 
displacement in the centre. Only the fine features, such as 
vertical motions in the load periphery, can be affected by 
local values of mantle viscosity. This occurs for wavelengths 
A I 800 km. 

For A = 1600-3200 km, the situation becomes more 
complicated. There is a transition from a flow pattern 
controlled by the viscosity low beneath the load edge to a 
configuration in which the viscosity high underlying the load 
dominates. In this case, the pattern of the deformation can 
be drastically affected by viscosity contrasts of 2 orders of 
magnitude. Similar to the results obtained for long 
wavelengths and viscosity contrasts of 4 orders of 
magnitude, we are not able to reproduce the observed 
sea-levels in the centre. These results suggest that 
post-glacial rebound data can be used to put bounds on the 
wavelength and magnitude of viscosity contrasts. More 
sophisticated models, which could account for the .interplay 
of lateral and vertical variations and improved sea-level 
data, are necessary for a more detailed analysis. 

We have shown that the ‘canonical’ value of 10” Pa s for 
mantle viscosity loses part of its significance when lateral 
variations are accounted for. In a laterally varying Earth, 
this value can hardly be representative of an average mantle 
viscosity, and only for long wavelength heterogeneities is it 
appropriate for the portion of the mantle underlying the 
load. 

It becomes clear, from our results, that viscosity 
variations of 1 or 2 orders of magnitude, derived from 
convecting models of the mantle, are likely to be consistent 
with rebound data. This is an encouraging result because it 
solves the apparent contradiction between the rather 
uniform values of mantle viscosity inferred from rebound 
analyses and the heterogeneities in temperature and 
viscosity that are expected from convection calculations, 
seismic tomography and laboratory data. 

We have shown that vertically and laterally stratified 
models can produce similar deformation patterns which both 
are capable to fit observational data, provided viscosity 
jumps or magnitude of lateral variations are properly 
chosen. It is thus possible to argue that at least a fraction of 
the viscosity jump across the 670 km seismic discontinuity 
predicted by radially stratified models, is actually an artifact 
due to the incompleteness of these models. This is a point 
that necessitates further analyses, due to the impact that 
viscosity stratification has on the convection style within the 
Earth. 

In order to resolve both the lateral and radial viscosity 
stratification, modelling efforts must be accompanied by the 

acquisition of new geophysical data. A refinement in the ice 
models, coupled with high quality sea-level data both in the 
near and far field, is highly recommended. On the basis of 
preliminary findings (Nakada & Lambeck 1989), particular 
attention must be devoted to sea-level data in oceanic island 
sites. These data should confirm the existence of viscosity 
contrasts between continental and oceanic mantle regions. 
Vertical uplift rates along continental margins will be 
influenced by lateral variations in the upper mantle. Their 
proper assessment with laterally varying models is important 
to questions regarding the rise of sea-level as indicator of 
the greenhouse effect. 

In the near future, satellite missions will provide another 
set of geophysical observables which should prove to be very 
useful in the study of mantle rheology. Precise detection of 
time-dependent perturbations in the Earth gravity field 
through the observation of the orbital motions of 
LAGEOS-I has already stimulated calculations that have 
produced crucial information on the radial viscosity 
stratification of the mantle (Yoder et al. 1983). These 
previous analyses were based on the present day variations 
in the Earth’s rotation rate, or equivalently on variations of 
the geopotential coefficient J2, induced by Pleistocenic 
deglaciation. Perturbations in the geopotential components 
of higher harmonic degree, detected by a cluster of 
LAGEOS-type satellites with different inclinations, could 
provide, for instance, another independent set of constraints 
to test realistic viscosity models. In this optic, we must 
remember that new geodetic data, from the already planned 
LAGEOS-I1 mission (Zerbini 1989), will soon become 
available. 
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APPENDIX 
The explicit expression of the matrix of the elastic properties 
is given by 

0 4(1-2v) 

(1 -v)  v V 

E 
v (1 -v)  

D =  

0 

(A.1) 

where E is the Young modulus while v denotes the Poisson 
ratio. 

The matrix of the ‘viscoplastic strain rates’ is given below 

L o  0 0 4 1  

where n = 1 for linear Maxwell rheology and n 2 2 for 
non-linear rheology. 9 denotes the viscosity and 


