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Abstract. We give an overview oftbe time-dependent
changes in tbe geopotential caused by present-day glacial
activities and tbe current disequilibrium of tbe Antarctic ice
sheet The time-dependent gravity coefficients are calculated
from calculating the transient viscoelastic responses in tbe
mantle for both Maxwell and Burgers' body rheology. We
have found tbat non-axisynunetric contributions to tbe
geopotential are more important far recent glacial retreats tban
far Pleistocene deglaciation. Sensitivity analyses show tbat
tbe transient gravitational responses do not vary too much witb
tbe assumed rates of melting from present-day glaciers. They
depend much more on tbe parameter values of tbe Burgers'
body rheology, especially tbe actual ratios between the short
and long-term viscosities.

Introduction

In tbe last severa! years the importance of temporal changes
in the gravity field through the observation of tbe orbital
motions of LAGEOS I (Yoder et al., 1983; Rubincarn, 1984)
has been brought forth by tbe important information gained
regarding tbe viscosity structure of tbe mantle (peltier, 1983;
Yuen and Sabadini, 1985). In these investigations the source
of tbe forcing has been attributed solely to melting from the
last deglaciation. Later it was recognized by Yoder and lvins
(1985) tbat part of tbe present-day variations in tbe Earth's
rotation rate, ar equivalently h (Yoder et al., 1983), may be
produced by the present-day retreat of temperate latitude
glaciers (Meier, 1984). This point was quantified by
Gasperini, Sabadini and Yuen (1986), who also emphasized
tbe potential importance of the Antarctic ice sheet on inducing
discernible changes of tbe sign as tbe observed h signal.
Recent investigations (Yuen et al., 1987) also fmd tbat
present-day glacial activities and tbe current variability of the
Antarctic ice volume can cause variations in tbe long
wavelength components of tbe gravity field as a consequence
of transient viscoelastic responses in tbe mantle. Effects on
higher degree hannonic perturbations of the gravitational field
from present-day glacial forcings have been investigated by
Sabadini, Yuen and Gasperini (1988).
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The assumption of steady-state rheology may not be correct
far timescales ofO(IQ2) yr, as in recent glacial retreats. The
issue of transient rheology has been revived by the
discrepancy in tbe lower mantle viscosity estimates between
postglacial rebound signatures (Cath1es, 1975; Peltier and
Andrews, 1976) and long-wavelengtb geoid anomalies (Hager
et al., 1985). Sabadini, Yuen and Gasperini (1985) were the
ftrst to calI attention lO tbe problem of tbe contamination of the
steady-state viscosity form transient rheological effects of
using a Burgers' body rheology. Peltier (1985) also carne to
tbese same conclusions. AlI of tbese recent developments
have indeed affected our tbinking about tbe interaction between
short- and long-term mantle rheology and otber means of
extracting mantle viscosity than tbe traditional method of
analysis of postglacial rebound signatures. In this paper we
give an account of the current status of temporal changes of the
gravity field from present-day cryospheric forcings and
present some of tbe sensitivity analysis of the time-dependent
gravity coefficients, which were not discussed in our previous
works.

Rheological Models

Rheological models used here are linear viscoelastic in
nature because we have used tbe analytical development given
by Yuen et al. (1982; 1986) and Sabadini et al. (1982).
Another reason for using a linear rheology is because of its
ability lO fit a wide range of geophysical data. Mareover, our
theoretical formulation can handle alI types of linear
viscoelastic rheologies, ranging from tbe Maxwell (Sabadini et
al., 1982) to the Burgers' body rheology (Yuen et al., 1986).

We will focus especially on tbe Burgers' body rheology
because of its versatility in treating tbe dynamics of botb
intermediate and long term geological phenomena. This linear
rheology is simple in that it can be completely described by the
short- and long-term viscosities V2and VI and by the relaxed
and unrelaxed shear moduli 112and III (Yuen and Peltier,
1982). By means of tbe correspondence principle we can put
in the shear modulus alI of tbe physical attributes present in
transient and steady-state creep. In the Laplace transformed
domain tbe rigidity l1(s)is given by

~lS(S+~)

~(S)= 2 [(~1+~2) +~}+ ~1~2S + v v V1V22 1
(1)
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Transient rbeology data interpreted in tenns of Burgers'
body rbeology were given by Smitb and Carpenter (1987).
The shear modulus for tbe standard linear solid (S.L.S.) can
be obtained from (l) by taking tbe limit VI going to infinity. It
becomes

(2)

On tbe other hand, tbe modulus for the Maxwell solid
CODDIlOnlyernployed in modelling of glacial isostasy can be
obtained from (l) in tbe limit s tending toward zero

J1(S) =~s
s+

v,
(3)

In this wort we will employ linear rheologies, given by
eqns. (1) 10 (3) and will not consider any rheologies witb a
continuous spectrum as in the frequency-dependent jt(s)
(Sabadini, Yuen and Widmer, 1985) which can be used to
study anelastic phenomena.

We use a four-layer model consisting of an elastic
lithosphere, a two-layer viscoelastic mantle consisting of tbe
rheologies given above, and an inviscid care. The boundary
between the upper and lower mantles is situated at tbe 670 km
seismic discontinuity. We give the physical parameters in
Table 1.

Reccnt Glacial Forcings

Today we are ali familiar with tbe nature and extent of tbe
melting or the great continental ice sheets which last reached
their maximum volumes about 18,000 years ago. The

TABlE l. Physical Properties of tbe 4-layer Earth Model

Pbysical Property Value

density of lithosphere and upper mantle 4,120 kg/m3

density of lower mantle 4,580 kg/m3

density of core 10,925 kg/m3

dynamical effects induced by this surface loading event left
manY discernible geophysical signatures which have been
ernployed 10 understand mantle viscosity (e.g. Wu and Peltier,
1983). Less known and appreciated, however, is the amount
of ongoing glacial forcing from discharges due 10 valley
glaciers (Meier, 1984). Also of tremendous importance is tbe
question involving tbe mass balance of the Antarctic ice sheet
(D.O.E. Report, 1985), which have cIimatological
implications. We have modelled tbe thirty-one glaciers
tabulated in Meier (1984) as point-source forcings, in which
tbe geographicallocations are supplied as part of tbe input
function (Gasperini et al., 1986). In the case of Antarctica we
have also treated it for excitation of has a point-source. For
higher harmonics we bave ernployed a finite spherical ice-cap
witb an angular amplitude of twenty degrees (Sabadini et al.,
1988). To monitor variations in sealevels at sites along
continental margins would require more detailed modelling
techniques, such as spectral (Nakada and Lambeck, 1988) or
finite-element (peltier, 1988) methods.

Time-dependent Gravitational Coefficients

In tbis section we will develop some of tbe formulas which
have been used (Yuen et al., 1987; Sabadini et al.; 1988) 10

calculate time-varying gravitational coefficients from both
point-source and finite-sized disks. Tbe calculations of tbe .
transient viscoelastic responses, due 10 glacial foIcings, follow
exactly tbe same procedures as for Pleistocene deglaciation set
down in previous papers (e.g. Yuen et al., 1982; Sabadini et
al., 1982).

Depending OD the timescale under study, the geopotential
can be separated into a static background contribution and a
time-dependent portion, very small in magnitude compared 10
tbe background potential, which may be caused by internaI or
externaI foIcings. This aspect is tbe focus of tbis papero We
can write down the time-dependent perturbation of the
geopotential from viscoelastic creep in the mantle as the real
function

where G is tbe gravitational constant, M tbe mass of the
Earth, d is the radius, 8 and • are respectively tbe co-latitude
and -Iongitude, t is tbe time, Jnm'sare tbe gravitational
coefficients and YIIII1'S are the unnormalized spherical
harmonics (Lambeck, 1980). The complex coefficients Jmn(t)
depend on the forcing function and tbe eigenspectral properties
of tbe viscoelastic model. In terms of tbe perturbations 10 tbe
Stokes coefficients, eqn. (4) may be rewritten as

surface gravity

Iithospheric rigidity*

upper mantle rigidity*

9.7 m/s2

7.28 x 1010 NJm2

9.54 x 1010 NJm2

aU(r,9,', t) =
n n

~M t L (~) (acnm(t)cos ~
n-2 m-O

lower mantle rigidity* 1.99 x 1011 N/m2

*instantaneous rigidity as applicable for seismic waves (5)



where ~ and 68nm are the perturbations to the Stokes
coefficients and Pnm(cosa) is the unnormalized associated
Legendre function. Far a configuration of N point -source
loads, the time-dependent Stolcescoefficients as a consequence
of viscoelastic creep in the mande are given by

(6a)

(6b)

Far the zonal-hannonic (m = O)coefficient 6Jn's, the
expression takes the forro

"M

aJn (t) = L Mi Idt' (1+ kn( t - t'»fj(t')P n(cos 6l)1=1

(6c)

The initial mass of the individual glacier is given by Mio k..
is the time-dependent loading Lave number of degree n and
Fi(t) is the forcing history of the individual glacier. The
individuallocation of the point-source glacial forcings is given
by the geographical coordinates ai and 'i.

Next we develop the time-dependent geopotential
coefficients from surface loading of a disk with finite angular
amplitude a. We begin by writing the surface density of a
finite disk with mass Mi (Farrell, 1972)

a(y) - ~ f. (2n + 1)(1+cos a) òPn(cos a)
- 4mf n=2 r(n+1) dcosa Pn(cosy)

(7)

where 'Y is the angular distance between the observation
point and the center of the ice cap. We now inttoduce the
Green's function for the geoid perturbation for a point-source,
impulsive 1000 on the surface (Sabadini et al., 1988)
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Substituting in the surface densities for N disks into eqn.
(9), we obtain for the perturbation to the gravity field

(lO)

where In is given by

(11)

The residues of the loading Love numbers are given by k...
(elastic) and kui (viscoelastic). The inverse relaxation times
are given by (Sj). For the four-layer Burgers' body models
with internaI buoyancy present at 670 km depth, the number of
modes is given by M = 13 (Sabadini et al., 1988).

From eqn. (lO) we can write the time-dependent Stokes'
coefficients for N finite disks including the surrounding
oceans for a closed hydrological cycle as

N 2M dP 'cos n.)
as (t) = L I fl\ I Jdt' f (t')J (t - t')x

nm i=1n(n+ 1) dCOS n i n

(n - m) Ip~(COS 9i)sin m+i

n + m)! (12b)

Analytical functions for f(t) were used by Gasperini et al.
(1986) and Sabadini et al. (1988) 10 describe recent glacial
forcings. They take the forro

(8)

From this Green's function we may obtain the change in the
geopotential due to surface loading from alI of the N disks as (13)

aJ (9, ~, d, t) =
N

L Jdt' JdO' (Ji(9'- 91, ~'- ~i)X
i= 1

f l(f)J (9 - 9', ~ - ~', t - f)
(9)

where H(x) is the Heaviside function, "a" is the duration of
recent glacia1 activities and "b" is the rime period in which
there is a hiatus of glacial melting. Values of a =200 yr and b
= 500 yr have been employed in Gasperini et al. (1986) and
Sabadini et al. (1988). It turns out that variations in b would
not change results 100 much, for b greater than 100 yr
(Sabadini et al., 1988).
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of magnitude greater than the observation for the toroidal
modes (Sabadini et al., 1985). There remain indeed many
outstanding questions in regard to the short-term rheological
behavior of the mantle for timescales between 1 and 1()2years.
In Fig. 1 we display variations of the tidal Love numbers for
hannonic n = 2, 4, ad 6 and for both the Maxwell and
Burgers' body rheologies. A static tidalload has been
imposed in this sensitivity study. The rigidity ratio 1111111in
Burgers' body rheology is fixed to 0.1, while three different
ratios of v1fVlhave been used. Solid curves 1,2,3 denote
values of vllvl from 0.5 to 0.01, while the dashed curve
represents a Maxwell rheology with upper mantle viscosity of
1()22P and a lower mantle viscosity of 3 x 1()22P.

We observe that during the frrst 100 years elastic behavior
stili dominates in the case of the Maxwell model (dashed
curve), while greater viscoelastic dispersions are exhibited by
the Burgers' body curves. One finds that for the Burgers'
body rheology smaller values of vllvl produce the greatest

l'LlPoIse)

Fig. 2. Percentage of viscoelastic dispersion of tidal Love
number with 18.6 yr period as a function of short-term
viscosity V2. <1 is defined by 111/112.Curves (1) stand for n =
2, curves (2) for n = 4 and curves (3) for n = 6. Viscosity
ratio vllvl = 0.1 is used. S.L.S. rheology is used for bottom
panel, while Burgers' body is used for the top two.
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Fig. 1. Time dependence of tidal Love number for degree 2, 4
and 6. Solid curves represent Burgers' body rheology, while
dashed curves denote Maxwell rheology. Long-term viscosity
of upper mantle is 1()22P. Lower mantle steady viscosity is
fixed to 3 x 1()22P. Viscosity ratio vllvl = 0.01 for curve 3,
0.1 for curve 2 and 0.5 for curve 1. Rigidity ratio 1111111is 0.1.

We begin this section on results by going over a
geophysical signature closely connected with h This is the
dispersion of the degree two tidal Love number k2T(t), which,
with the continuaI acquisition of satellite data, will better be
determined. We wilI also study the time-dependent tidal Love
numbers for higher harmonics and investigate the effects of
varying the short-term viscosity.

From analyzing long-period tidal perturbations on the
LAGEOS orbita! track (Lambeck and Nakiboglu, 1983), it has
been proposed that there are some dispersive effects of k2T.
The accuracy of the observed relation at 18.6 years in the k2 is
probably less than 25% (Merriam, 1985). Their investigation
with a frequency-dependent absorption band rheology
(Anderson and Minster, 1979) indicated that there is about
20% of anelastic dispersion at a period of 18.6 yr. However,
the long-term cut off rime in the retardation spectrum
suggested by this fmding, would produce seismic Q an order
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Fig. 4. Time-derivative of the gravity- field coefficient as a
function of the lower-mantle viscosity. Time is taken 80 years
into the recent glacial activities in the 20th century. Solid
curves denote Burgers' body with v2/vl = 1121111= 0.1; dotted
curves represent v2/vl = 0.1, 1121111= 1 and dashed curves are
derived from MaxweU's rheology. Forcings are derived from
recent glaciers and Pleistocene deglaciation.

J2 = -0.35 X 10-10yrl has been derived by Yooer et al. (1983)
from the LAGEOS data. This particular datum has been used
to constrain the viscosity of the lower mantle (Peltier, 1983;
Yuen and Sabadini, 1985). Inspection of the figure shows
that there exists the possibility for multiple VJ..Msolutions for
the same In datum. It is well known that the rotational data
such as hand polar motion (O'Connell, 1971; Dickman,
1977) admit more than one solution for the mantle viscosity.
Figs. 4 and 5 show that multiple solutions also exist for higher
harmonics. Curves with MaxweU rheology (dashed) are very
similar to the Burgers' body mooel with v2lvl = 0.1 and 1121111
os decreased to 0.1 (solid curves). Solutions for m = 1 are
diminished in amplitude and also exhibit multiple solutions.
What is clear is that with the introduction of the Burgers'

amounts of dispersion. These curves in Fig. 1 show definitely
that there are pronounced differences in the prediction between
Maxwell and Burgers' body rheologies, based on
experimentally extracted parameter values (Smith and
Carpenter, 1987), for timescales less than a century. We must
await for future satellite measurements ofknT(t) for the low
degree harmonics to constrain further parameter values of
short-term mantle rheology. We explore this aspect further by
computing the percentage of dispersion defined here to be

(Ik2T(T = 18.6 yr) I - k2°)/k2°, where k2° is the degree-two
elastic Love number and T represents the perioo of the periOOic
tidal forcing. Fig. 2 shows the amount of dispersion as a
function ofthe short-term viscosity V2for both the Burgers'
body (top two panels) and the S.L.S. (bottom panel) mooels.
For large values of <1 (<1 = 111/112) the abrupt transition from
large dispersion to elastic behavior occurs at lower values of
V2,around O (1019P), than in the case for <1 = 1 (middIe panel)
or for the S.L.S., where the transitional value for V2is about
1021Pa s (Sabadini et al., 1985b).

The effects of snowload on the earth's rotation and gravity
fields have recently been exarnined by Chao et al., (1987)
within the context of an elastic mooel. We show in Fig. 3 that
the elastic rheology is essentially valid for V2greater than this
cited value. However, in the presence of a pronounced
asthenosphere, deformations with shorter wavelengths may be
affected to a greater extent than what has been shown for h
excitation from annual snow loading.

In Fig. 4 we examine the effects of different rheologies and
rheological parameters on the perturbations to the first few
even harmonic coefficients of the geopotential from recent
glacial activities and the Pleistocene deglaciation, in which the
forcing functions from both Laurentide and Fennoscandia are
taken into account (e.g. Sabadini et al., 1982). Fig. 4 shows
the In predictions for a suite of viscosity m<Xlelsin which the
lower mantle viscosity is varied between 1021and 1()25P.
The time of observation is taken to be 80 years following the
onset of glacial retreats, which are assumed to have started at
1900 A.D. (Meier, 1984; Gasperini et al., 1986). A value of

"2 (Polse)

Fig. 3. Changes in 12 from annual snow load. Solid curve
corresponds to Burgers' rheology while dotted curve refers to
standard linear solid (S.L.S.). <1 denotes 111/112. Viscosity
ratio v2lvl is fixed to 0.1.
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curves represent Maxwell rheology; solid curves denote
Burgers' body v2fVl = 1121111= 0.1.
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Fig. 7. Time-derivatives of zonaI harmonic coefficients as a
function of the lower mantle viscosity. Forcings are the same
as in Fig. 6, except for varying rates of growth assumed for
the Antarctic ice sheet. Curves (l) stand for -0.3 mm/yr;
cmves (2) for -0.6 mm/yr and cmves (3) for -1.2 mm/yr. Tbe
rheology is Burgers' body with v2lVl = 1121111= 0.1.

body, greater complexities are present in the interpretation of
geodynamical signatures by viscosi:)' parameterization. Data
on glacier balance and ice volume changes for the period 1900
to 1961 (Meier, 1984) results in a sea level rise ofO.46
mm/yr. We will oow test the sensitivity of our results to
variation of the melting rate by haIving it (dotted cmve) and
doubling it (dotted curve). In Fig. 5 these curves are
compared with the predictions from using the nominai rate of
0.46 mm/yr (solid cmves). Inspection of Fig. 5 shows that In
signatures for this rime window are oot too sensitive to
variations of the melting rate.

Studies of the current mass balance of the large Antarctic ice
sheet (ooE. 1985) suggest that it may be growing and taking
water from the oceans. As the Antarctic ice sheet 1iesdose to
the rotational axis, any significant mass exchange between the
continent and ocean would have a strong effect on the gravity
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Fig. 8. Secular variation of tbe Stokes' coefficients with the steady-state lower-mantle viscosity from present
day giacial forcings. Solid curves denote Burgers' body with v1/v1= 111/111= 0.1, while dashed ones represent
v1/v1= 0.1 and 111/111= 0.5. The time is 80 yrs into the period of giacial meiting. The steady-state upper
mantle viscosity is 1()22 P. Degrees n = 2,3 are considered.

coefficients Jn(t}with long waveIengths. We bave modelled
the Antarctic continent as a finite disk with angular radius a =
20·. Eqns. (lO) and (12) have been used in the calculations of
the changes in the gravity field. We examine the responses
from the combined forcings of Antarctica growing today and
the past Pleistocene deg1aciation. In Fig. 6 are dispIayed the
Jn signatures produced by Antarctic ice sheet growing at a rate
of - 0.3 mrn/yrin the global sea levei (OOE, 1985). The rime
history of this growth is that this phase began in 1900 A.D.
and since then has been growing at this same rate. The growth
of Antarctica excites both h and J4 with the same negative
sign as for the Pleistocene melting (Yoder et al., 1983). This
reinforces the J2 and J4 excitation. For this rime window there
are large differences between the Maxwell (dashed curves) and
the Burgers' body rheology (solid curves).

As the present growth rate of the Antarctic ice sheet is
stili relatively unknown, we have studied the influences of
different rates on the Jn signatures. The results for J2, J4 and
J6 are shown in Fig. 7 where rates of -.3 mm yr1 (curve l), 
.6 mm yr1 (curve 2) and -1.2 mm yr1 (curve 3). Tbe gravity
signals increase with faster rates of growth, although in a
weakly nonlinear fashion.

Finally we turn our attention 10 the excitation of the
Stokes coefficients (eqn. (6a) and (6b» from recent glacial
forcings. Figs. 8 and 9 show the predicted geopotentiaI
harmonic variations as a function of the steady-state, lower-

mantle viscosity. The time is taken again 10 be 80 yr into the
actual glaciaI retreat periodo Both Maxwell (dashed curves)
and Burgers' body (solid curves) rheologies have been
employed. For m = 2 the zonal hannonic C20 dominates over
the other tesseraI hannonics. For n = 3, zonal hannonic S30
again is the leading term. However, for n = 4, non
axisymmetric component (m = l) becomes the dominant term.
Even the order m = 2 term S42 is comparable in magnitude 10
the zonal contribution S40. Extending the calculations 10
higher degree harmonics, up to n = 6 we fmd that S51 is
bigger than Cso and that S61is comparable to 40. In generai,
these results for n up to 6 show that non-zonal gravity
coefficients can be comparable or greater than the zonal
coefficients. This aspect may allow for some constraints 10 be
imposed on the amount of lateral variations in mantle
viscosity. These results also reveal that similar variations of
the gravity coefficients with the lower mant1e viscosity are
exhibited by the higher degree harmonics.

Concluding Remarks

On the basis of the results of these calculations, we argue
for the need 10 monitor current cryospheric activities with
modern methods of space observation to address questions in
mantle rheology that previously bave relied solely OD

signatures produced by the Pleistocene deglaciation or by
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Fig. 9. Same as for Fig. 8. Degrees n = 4, 5, 6 are used.

geoid anomalies. It is important to separate out the relative
contributions to the temporal variations of the geopotential
made by the present cryospheric forcings, and that due to the
last ice age, particularly the potential forcing from the Barents
Sea (Peltier, 1988b). By means of transient viscoelastic
modelling we bave shown that the long-wavelength
components of the geopotential are sensitive to current glacial
discharges and also to the growth of the Antarctic ice sheet
occurring today. Our results for the higher zonal harmonics
reveal that Antarctica's mass disequilibrium may conceivably

play an important role. Continuous monitoring of satellite
orbits will be very useful for observing changes in the
geopotential. Orbital inclinations different from LAGEOS-I
will also shed light on the azimuthal dependence of the
perturbed gravity field and may eventually be employed to put
bounds on the amount of lateral variations in the viscosity.
Progress in these areas depends crucially on the availability of
future satellite missions, such as the forthcoming LAGEOS-II
mission, devoted entirely to geodynamics, as LAGEOS-I has
been doing during the past decade.
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