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Abstract. From the analysis of sea-level data near the 
centre of the former Fennoscandian ice sheet and the 

theoretical predictions of vertically and laterally stratified 
Earth models, we explore the extent to which lateral 
viscosity variations could have influenced the estimate of 
long term mantle viscosity. We follow a finite element 
scheme in cylindrical symmetry, focusing on the effects 
of lateral viscosity contrasts of different magnitudes and 
wavelengths. Sea-levels are consistent with long wave- 
length lateral viscosity contrasts of at most 2 orders of 
magnitude; short wavelength variations, comparable with 
the lateral extension of the surface load, should be ruled 
out. Differences in the average viscosities inferred from 
laterally stratified and uniform mantle models, may be as 
high as I order of magnitude. If we allow for different 
lateral viscosity patterns in the upper and lower mantle, 
we find that sea-levels are consistent with short wave- 

length variations in the upper mantle of around 2 orders 
of magnitude, coupled with smoother lateral viscosity 
contrasts in the lower mantle. 

Introduction 

So far, estimates of mantle viscosity derived from 
post-glacial rebound studies have been based on radially 
stratified Earth models (Wu and Peltier, 1983; Sabadini et 
al., 1985). The assumption of a purely radial dependence 
in the creep properties of the mantle is in conflict with 
the evidences provided by seismic tomographic results 
on the existence of lateral variations within the planet 
(Woodhouse and Dziewonski, 1984). The evidence of 
lateral heterogeneities in mantle viscosity is also sup- 
ported by convection calculations based on temperature 
dependent viscosity (Christensen, 1984). Indications for 
mantle viscosity contrasts between ocean island sites and 
continental areas, have been recently obtained by Nakada 
and Lainbeck (1989) from the examination of Holocene 
sea-levels in the far field, away from the Northern and 
Antarctic ice sheets. These observational and theoretical 

findings suggest that the Earth models must be improved 
to take into account lateral variations in the physical 
properties of the mantle. 

We focus on vertical deformation induced by 
Fennoscandian rebound; a spectral approach allows to 
analyze the effects of lateral heterogeneities of varying 
magnitude and wavelength on the deformation pattern 
and mantle viscosities inferred from sea-level data. We 
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study two classes of models; in the first we concentrate on 
the effects of lateral heterogeneities and the models are 
thus uniform in the vertical direction. In the second class, 
viscosity contrasts are allowed betwen the upper and lower 
mantle to bring out the effects of the interplay of lateral 
and vertical variations. 

Numerical model 

We modified the numerical code described by Melosh 
and Raefsky (1983) for treating the surface loading prob- 
lem of a compressible half-space in cylindrical symmetry. 
Constitutive equations are appropriate for a viscoelas- 
tic Maxwell rl•eology. Sphericity effects are negligible 
for a surface load with the same characteristics of the 

Fennoscandian ice sheet (Wolf, 1984). 
In order to avoid the effects due to the finiteness of the 

domain, we found it necessary to choose the depth and 
width of the grid to be at least two orders of magnitude 
larger than the radius of the parabolic load characterizing 
the Fennoscandian ice-sheet. In a standard grid we have 
_• 100 elements in the horizontal direction and 40 in the 

vertical direction. At the bottom of the grid we set the 
displacement components equal to zero (rigid boundary 
conditions). Due to the dimensions of the grid with re- 
spect to the amplitude of the load, the numerical solution 
is totally unaffected by the boundary conditions at the 
bottom. Along the axis of symmetry and the external 
vertical boundary of the grid, only vertical motions are 
allowed; the tipper surface is assumed free. 

The numerical solutions have been checked with an 

analytical scheme to verify the efficiency of our code. 
Deviations between the analytical and numerical schemes 
for the vertical displacement remain limited to at most a 4- 
6 per cent for non uniform loads, with profiles modulated 
by Bessel eigenfunctions or parabolic functions. The 
precision of the numerical solution does not dependent 
on the time interval elapsed since the ice sheet disintegra- 
tion; this result shows that our modelling of the isostatic 
compensation process is appropriate. 

Discussion of the results 

Viscosity in the top 100 kmis kept fixed at 10 sø Pa.s to 
reproduce an elastic lithosphere. The physical properties 
of the model are appropriate for a uniform Earth model; 
density, rigidity and Poisson ratio are kept constant in 
the upper and lower layers. These parameters are given by 
p = 3380 kg/m 3,/z = 1.45 x 10 TM N/m 2 and v = 0.25. The 
load corresponds to a parabolic ice-sheet with radius of 
800 km and maximum height of 2450 m which are suitable 
for Fennoscandian rebound. 
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Within our spectral approach, we make use of a sinu- 
soidal variation in the logarithm of the viscosity 

= . 

where r/(a:) is the viscosity varying in the horizontal direc- 
tion, At/ and A denote the magnitude and wavelength of 
lateral variation. The parameter •/0 denotes the arithmetic 
average of the logarithm of the viscosity which weighs the 
orders of magnitude of the viscosity in each region of the 
mantle. The arithmetic average of the viscosity, denoted 
by r/•t, is also considered in the comparison with some 
uniform model results, although this parameter is biased 
by high viscosity regions (Parmentier et al., 1976). 

With the exception of some calculations portrayed in 
Figure 4, a viscosity high is located beneath the load, 
in agreement with seismic tomographic results which in- 
dicate an anomalous high velocity mantle beneath the 
shields (Woodhouse and Dziewonski, 1984; Grand, 1987). 

The numerical results derived by Fleitout and Yuen 
(1984) and Cristensen (1984) for temperature dependent 
viscosity, show that lateral viscosity variations of around 
one or two orders of magnitude may exist in a convecting 
cell. 

In Figure 1, the instantaneous disintegration of the 
ice-sheet occurs at T - 0. Time is measured in Maxwell 

relaxation time units T = r//tt; for r/ - 102• Pa. s 
we obtain T = 219 yr, which is used throughout. The 
parameter R denotes the distance from the axis of sym- 
metry, normalized with respect to the load radius. We 
follow the evolution in time of the vertical displacement in 
the centre (R=0) and periphery (R=I) of the deglaciated 
region. The wavelength A is varied from 800 km in panel 
a to 6400 km in panel d. The parameter r/0 is kept 
fixed at 102] Pa. s. For short wavelengths and R - 1 
(top panels), the enhanced displacement is responsible of 
deviations of at most a 25 per cent with respect to the 
uniform model (solid) in the transient regime for T < 40. 
During the early stage of the deformation, the effects of 
low viscosity values overcome the viscosity highs beneath 
the load. The model with At/ - 10 2 (dotted) predicts 
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Fig. 1. Time evolution of vertical displacement. Solid 
curves refer to a uniform model of 102] Pa. s. The values 

of A are 800, 1600, 3200 and 6400 km from panel a to 
panel d. Dashed curves stand for At/ = 10 while dotted 
ones stand for Ar/= 102. r/0 is kept fixed at 102] Pa. s. 
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Fig. 2. Lateral variations. The instantaneous ice-sheet 
disintegration occurs at t = -13 x 10 a yr. In this figure 
and following ones the solid curves correspond to the 
uniform reference model of 1021 Pa. s. Values of the 

parameters r/0 and r/•t are given in Pa. ,. 

in fact a faster initial relaxation in comparison with the 
smoother model characterized by At/= 10 (dashed). For 
longer wavelengths (bottom panels), the viscosity high 
underlying the load becomes dominant, and the model 
with Ar• = 102 experiences at least a 30 per cent reduction 
in the centre. 

In the following we concentrate our attention on the 
uplift in the centre of the former Fennoscandian ice sheet 
(Wolf, 1987). In the inversion of mantle viscosity, these 
sea-levels are more stable with respect to uncertainties 
in the description of the ice models than displacements 
in the periphery (Nakada and Lambeck, 1987). From 
now on, solid curves correspond to a uniform viscosity 
model of 10 21 Pa.s; ice sheet disintegration occurs at 
T = 13 x 103 yr b.p. This calculation agrees with more 
sophisticated radially stratified models which predict a 
rather uniform viscosity, unless the effects of transient 
rheology are considered (Sabadini et al., 1985). 

Figure 2 deals with viscosity contrasts of 2 orders of 
magnitude (Ar/= 102), wavelengths A of 6400 km (panel 
a) and 1600 km (panel b). For laterally varying models, 
the value of 102• Pa. s predicted by uniform models is not 
appropriate for the average viscosities r•0 and r•a. In panel 
a, this is portrayed by the drastic reduction in the uplift, 
and subsequent deviation from the data, that occurs for 
q0 = 102] Pa. s (dashed) and r/A = 102] Pa. s (dash- 
dotted). Displacement in the centre is inhibited by the 
high viscosities of the mantle region underlying the load, 
which are 1022 Pa. s for the dashed curve and 3.5 x 102] 

Pa. s for the dash-dotted curve. Observed data require 
r/0 = 1.4 x 1020 Pa. s (or r/A = 4 x 102o Pa.s, dotted) 
which gives, for Ar/= 102, a viscosity of 1.4 x 102] Pa. s 
beneath the load, close to the value predicted by uniform 
models; for long wavelengths, sea-levels in the centre are 
mainly sensitive to the viscosity underneath. 

For short wavelengths, comparable with the lateral 
extension of the surface load (panel b), the average viscosi- 
ties r/0 and r/A must be increased with respect to mantle 
viscosities extracted from uniform models. As in panel 
a, the laterally stratified models with r/0 = 102] Pa. s 
(dashed) and r/A = 102] Pa. s (dash-dotted) deviate 
from the observed uplift; the displacement is drastically 
enhanced, especially for r•A = 102] Pa. s. This behaviour 
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is due to the low viscosity values which control the relax- 
ation process for short wavelengths. Data fitting requires 
ri0 = 2 x 102• Pa. s (ri•t = 5.7 x 102• Pa.s, dotted). 

We have to notice, on the other hand, that the quality 
of the fitting deteriorates for wavelengths comparable with 
the load size, as shown in panel b. Even with the highest 
quality solution (dotted), we are not able to reproduce the 
observed values for T=8- 9 x 10 3 yr b.p. On the contrary, 
long wavelength heterogeneities, as large as 2 orders of 
magnitude, are consistent with observed sea-levels in the 
centre of the former Fennoscandian ice sheet. Our findings 
suggest that rebound data can be advocated to rule out 
short wavelength viscosity contrasts in the whole mantle. 

In Figure 3, we compare the effects of long wavelength 
lateral variations of 4 orders of magnitude occurring in the 
whole mantle with those due to heterogeneities limited 
to the upper mantle (panel a and b respectively). The 
pattern of the horizontal viscosity variation is schematized 
by the self-explanatory symbols given in the figures. 

In the radially varying model (panel b), the uniform 
lower mantle viscosity is kept fixed at 10 TM Pa.s; the 
viscosity values given in the panels refer to the parameter 
ri0. In panel b, this parameter corresponds to the upper 
mantle viscosity. For lateral variations in the whole 
mantle (panel a), the deformation pattern is controlled 
by ri0 which has to be lowered to values close to 10 •9 
Pa. s for Art = 104. Note the sensitivity of the results on 
the parameter ri0, as brought out by the large deviation 
between the two cases corresponding to 10 •9 and 3 x 10 • 
Pa. s (dash-dotted and dotted respectively). In panel b 
the deformation is driven by the lower mantle viscosity, as 
emphasized by the small deviation between the dotted and 
dash-dotted curves, for viscosity contrasts concentrated in 
the upper layer. 

The consequences of lower mantle rheology can be 
better understood if we note that long wavelength lateral 
heterogeneities, with Ari as large as 10 4, degrade our abil- 
ity to reproduce the observed data. The best fit in panel 
a (dotted) is not as satisfactory as in panel b, suggesting 
that rebound data are not consistent with the existence, 
in the lower mantle, of lateral viscosity variations larger 
that 1 or 2 orders of magnitude. 
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Fig. 3. Vertical and lateral variations. Uniform models in 
the vertical direction are provided in panel a. Vertically 
stratified models are given in panel b for a uniform lower 
mantle viscosity of 10 2] Pa. s. Values of the parameter 
ri0 in the upper mande are given in the panels. 
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Fig. 4. Vertical and lateral variations. In both panels, 
• = 1600 km and Art = 10 a in the upper mantle. In 
panel a, the lower mantle structure is gradually compli- 
cated from a vertically uniform model (dashed) to a lower 
mantle with uniform viscosity of 10 TM Pa. s (dotted) and 
a laterally varying lower mantle with • = 6400 km and 
Art = 10 (dash-dotted). In panel b, both "in phase" 
(dashed and dash-dotted) and "out of phase" (dotted and 
dash double-dotted) models are shown, with • = 6400 
km in the lower mantle. In the lower mantle, Ari is varied 
from 10 a (dashed and dotted) to 10 (dash-dotted and dash 
double-dotted). 

In Figure 4 we explore more deeply the effects due 
to the interplay of lateral and vertical viscosity contrasts. 
The values • = 1600 km and ZXri = 10 a are consistent with 
results obtained from steady state, secondary convection 
beneath the lithosphere for Newtonian rheology (Fleitout 
and Yuen, 1984). In panel a, the dashed curve stands for 
the best-fit obtained in Figure 2, panel b, for Ari = 10 a, 
• = 1600 km and viscosity contrasts extending in the 
whole mantle; the dotted curve corresponds to a model in 
which the lower mantle viscosity is kept uniform at 102• 
Pa. s while the upper mantle is laterally stratified, with 
zSri = 102 , • = 1600 km and r/0 = 5 x 10 aø Pa. s. While 
short wavelength heterogeneities in the whole mantle must 
be discarded on the basis of the observed data (dashed), 
we get that they are admissible in the upper mantle due to 
the ability of this model to fit the observations (dotted). 
It is worthwile to emphasize that the resulting arithmetic 
average of the viscosity in the upper mantle, ri•t = 1.4 x 
102• Pa.s, is consistent with uniform model predictions. 

In panel b we allow for different viscosity patterns in 
the upper and lower mantle. In the upper mantle the 
wavelength and magnitude of the variation are the same 
as panel a and ri0 is fixed at 5 x 1020 Pa.s. In the 
lower mantle we choose a wavelength • of 6400 km and 
we consider two cases with Ari = 10 (dash-dotted and 
dash double-dotted) and Ari = 10 a (dashed and dotted); 
the parameter ri0 is kept fixed at 102• Pa. s. The dashed 
and dash-dotted curves stand for a model in which the 

two viscosity patterns in the upper and lower mantle are 
"in phase" beneath the load; the models corresponding 
to the dotted and dash-double dotted curves, represent 
a situation in which upper and lower mantle viscosity 
contrasts are "out of phase". We find that long wavelength 
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heterogeneities in the lower mantle drastically modify the 
results of the uniform lower mantle model (dotted, panel 
a). For the "in phase" model, high viscosity values in 
the upper and lower mantle act in concert to reduce the 
central uplift; results of the "out of phase" model are 
dominated by the viscosity low of the lower mantle region 
underlying the load. These effects are smoother if lower 
mantle viscosity contrasts of one order of magnitude are 
considered (dash-dotted and dash double-dotted). The 
average viscosities r/0 or r/a can be readjusted in order to 
fit the data. In panel a, this is portrayed by the "in phase" 
model with Ar/= 10 (dash-dotted), which corresponds to 
r/0 = 7x1020 Pa.sorr/a = 102• Pa.s. Seismictomo- 
graphic results indicate that certain mantle features, such 
as some velocity anomalies, show continuity over a large 
range of depth (Silver et al., 1988). Viscosity contrasts 
associated with these mantle features can be properly 
modelled by some appropriate "in phase" calculations. 
Figure 4 clearly enlightens that Fennoscandian rebound 
is consistent with short wavelength heterogeneities of 2 
orders of magnitude in the upper mantle with smoother, 
long wavelength variations of around 1 order of magnitude 
in the lower mantle. 

Concluding remarks 

From our calculations we can draw the following con- 
clusions: 

1)-sea-levels in the centre of previously glaciated areas are 
consistent with long wavelength lateral variations in the 
whole mantle of at most 2 orders of magnitude; stronger 
viscosity contrasts degrade our ability to fit the observed 
data; 
2)-sea-levels are consistent with short wavelenth viscosity 
contrasts in the upper mantle and a uniform lower mantle. 
Another model, with a laterally stratified lower mantle, 
shows that long wavelength heterogeneities of at most 1 
or 2 orders of magnitude are admissible in the inner layer. 
The viscosity patterns in the upper and lower mantle can 
be drastically different, in particular both "in phase" and 
"out of phase" models can be tolerated by observational 
data. These preliminary findings are consistent with 
results of stratified mantle convection calculations. 

3)-average viscosity values inferred from uniform Earth 
models may differ by one order of magnitude from the 
findings of laterally stratified models. 

More sophisticated calculations would require the us- 
age of seismic tomographic results and selLconsistent con- 
vection modelling; our spectral approach must be consid- 
ered as a first attempt toward a more realistic analysis 
of the effects of lateral viscosity contrasts. We get some 
preliminary results suggesting that post glacial rebound 
studies may become an useful tool to resolve the lateral 
and vertical viscosity stratification in the mantle. 
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