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AZIMUTHAL DEPENDENCE IN THE GRAVITY FIELD INDUCED BY 

RECENT AND PAST CRYOSPHERIC FORCINGS 

David A. Yuen •, Paolo Gasperini •', Roberto Sabadini 3, and Enzo Boschi •"3 

Abstract. Present-day glacial activities and the current 
variability of the Antarctic ice volume can cause variations 
in the long-wavelength gravity field as a consequence of 
transient viscoelastic responses in the mantle. We study the 
azimuthal dependence of the secular variations of the gravi- 
tational potential and find that the non-axisymmetric con- 
tributions are more important for recent glacial retreats 
than for Pleistocene deglaciation. Changes in land-based ice 
covering Antarctica can be detected by monitoring satellite 
orbits and their sensitivity to variations in gravitational 
harmonic for degree l greater than 3. Resonances in satellite 
orbits may be useful for detecting these azimuthally-depen- 
dent gravity signals. 

Introduction 

Recent investigations (Yoder et al., 1983, Peltier, 1983, 
Yuen and Sabadini, 1985) have demonstrated the impor- 
tance of satellite geodesy in probing the viscosity of the deep 
mantle. These satellite signatures reflect variations in the J•. 
gravitational harmonic and have allowed the lower mantle 
viscosity to be constrained much more strongly than gravity 
and sea-level data. Yoder and Ivins (1985) and Gasperini et 
al. (1986) pointed out that recent glacial activities (Meier, 
1984) could also contribute to observable perturbations in 
the 32 signature. Potential current growth of the Antarctic 
ice sheet can also lead to discernible changes of the same sign 
as the observed 32 signal (Gasperini et al., 1986). 

Effects on higher degree harmonic perturbations from 
Pleistocene deglaciation were found to be non-negligible by 
Yoder et al. (1983) and Alexander (1983). Our intent here is 

to investigate further the perturbations on the higher har- 
monics and to quantify azimuthal dependences of the varia- 
tions in the gravitational potential from both Pleistocene 
and recent glacial forcings. The perturbations to higher 
zonal and tesseral harmonics represent a new data set for 
more independent estimates of mantle viscosity, since the 
excitation spectra in the spherical harmonic domain are ex- 
cited differently by these two types of forcings. 

Non-azimuthal nature of the forcing functions 

The Earth's gravity force in a body-fixed coordinate sys- 
tem is conveniently expressed by a spherical harmonic ex- 

1 Minnesota Supercomputer Institute and Dept. of Geology 
and Geophysics, University of Minnesota, Minneapolis, 
MN 55455. 

• Istituto Nazionale di Geofisica, Roma, Italy. 
• Dipart. di Fisica, Settore di Geofisica, Univ. di Bologna, 

40127 Bologna, Italy. 

Copyright 1987 by the American Geophysical Union. 

Paper number 7L7169. 
0094-8276/87/007L-7169503.00 

pansion. The Stokes coefficients C'• m and S'lm enter explicitly 
into the non-linear ordinary differential equations in time 
describing the satellite motion (Lainbeck, 1979), subject to 
the Earth's gravity field. Secular perturbations to the long- 
wavelength azimuthal component (m :/: 0) of the gravita- 
tional potential arise because of (1) the non-axisymmetric 
nature of the surface forcing and (2) lateral variations of the 
mantle's mechanical properties, particularly the viscosity. 
Here we will only focus on the azimuthal dependence of the 
forcing, as the mechanical model used here is stratified radi- 
ally (Yuen et al., 1986). 

We illustrate the nature of strongly azimuthal dependence 
of the recent glacial forcing in Figure I where the six largest 
glaciers are plotted in a cylindrical projection in order to em- 
phasize the lineation of glacial forcings along a meridian. 
These six sites account for about 80% of the total glacier vol- 
ume tabulated in Meier (1984). The former sites ofdeglacia- 
tion over Canada and Scandinavia also exhibit azimuthal 

variations. We give in Table I the parameters associated 
with the Northern Hemisphere deglaciation centers. From 
the geographical coordinates one observes that there is a dis- 
tinct longitudinal-dependence in the Pleistocene forcings. 

We have treated the recent growth of Antarctica as pro- 
ceeding uniformly in a disk of radius 20 degrees centered at 
the South Pole. There may, in fact, exist asymmetry in the ice 
accumulation-rate between the East Antarctic ranges and 
West Antarctica. 

Mathematical formulation 

We have employed a viscoelastic earth model (Sabadini et 
al., 1982; Yuen et al. 1982, 1986) in calculating the viscoelas- 
tic responses from cryospheric excitation. Both the Maxwell 
and Burgers' body rheologies have been used. For timescales 
shorter than 0(102 yr) the effects are best captured with a 
Burgers' body rheology (Yuen et al., 1986). 

Pleistocene ice sheets are modelled as disks of radius a lo- 

cated at colatitudes and longitudes given in Table 1. The 

Fig. 1. Distribution of the six largest glaciers in a cylindrical 
projection according to the locations in Meier (1984). The 
great circle intersection of the cylinder with the globe has 
been selected by least-square fitting of the distances of the 
six glaciers from the meridian itself. 
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Table 1. Pleistocene glaciation parameters 

Laurentide Fennoscandia 

Mass (kg) 2.3 x 10 i9 7.8 x 10 is 
Radius (deg) 15 10 

Colatitude (deg) 25 25 

longitude (deg) 90W 20E 

time history of the Pleistocene d•glaciation is described in 
Yuen et al. (1982). We have modelled the glaciers tabulated 
in Meier (1984) as point-source forcings. The meltwater has 
been distributed uniformly. Details of the time-history of the 
recent glacial forcing can be found in Gasperini et al. (1986). 

The time-dependent perturbation of the potential from vis- 
coelastic creep in the mantle is given by the real function 

•U(r, 0,•,t) Re[G--FM-M• 2 d • -- (•---) J•m (t)Y/m (0,•))] (1) 
l=2 m=-I 

where G is the gravitational constant, M the mass of the 
Earth, d the Earth's radius, r the radial variable, 0 and • the 
colatitude and longitude variable, t the time and Y•m'S are the 
unnormalized spherical harmonics (Lambeck, 1979). The 
complex coefficients J•m(t)depend on the forcing function and 
the eigenspectral properties of the rheological model. The 
temporal perturbation to the geoid from glacial forcings is 
given in non-dimensional form as 

5J(r, 0,•, t)= •fat'fa•' f,(0' • 0,, •' •,t' •t,)•J•(t-t')P•(cos •)(2) 
1 • 

where J•'s are the components of the Green's function for the 
coefficients of the potential, • is the forcing function of the i- 
th glacier (Gasperini et al., 1986), P• is the Legendre function 
and • is the angle between the vector piercing the surface ob- 
servation point (0, •) and the spatial vector being inte•ated. 
The azimuthal dependence in J•m results from the geo•aphi- 
ca] distributions of the glaciers and the use of the addition 
theorem for zonal harmonics. 

The J•m'S in eqn (1) are the spectral-expansion coefficients 
for the potential J over the Earth's surface. For present-day 
glaciers one may generalize the expression for the secular 
variation in the potential to 

(• (l-m)] Y•m (0i, +i)) F(t,si,ki,ai) (3) •Im (t)=B . (l+m)• 
where the dot denotes time-differentiation, B = 0.23 is a scal- 
ing factor in the glacial mass balance (Meier, 1984), M• is the 
initial mass of the individual glacier, s• and k• are respec- 
tively the inverse relaxation times and loading Love num- 
bers of the particular viscoelastic model, and a• are the 
parameters associated with the forcing function. Explicit an- 
alytical expressions for the function F can be found in 
Gasperini et al. (1986) for forcing functions describing recent 
glacial meltings. 

Substituting eqn. (3) into eqn. (1) and using the addition 
theorem for sperical harmonics, we obtain an expression for 
the real part of•avitational potential which is similar to the 
Stokes coefficients. We have chosen the convention such that 

C•m'S and S•m'S plotted below in Fibres 2 and 3 are one-half of 

the Stokes coefficients (Lambeck, 1979) for m •: 0. C•0 is the 
same as the zonal harmonic coefficient J•. 

Results 

Figure 2 shows the predicted gravitational harmonic vari- 
ations as a function of the steady-state, lower-mantle viscos- 
ity for recent glacial forcings. The time is taken to be 80 yr 
into the glacial retreat period. Both Maxwell (dashed curves) 
and Burgers' body (solid curves) rheologies have been em- 
ployed to illustrate the differences in the transient regime. 
For 1 = 2 the zonal harmonic (•20 dominates over the other 
tesseral harmonics. •22 is found to be comparable with •11' 
The magnitudes for the tesseral harmonics of l = 2 are too 
small to be detected. For l = 3, the zonal harmonic •30 again is 
the dominant term. However, for l = 4, non-axisymmetric 
component (.m = 1) becomes the leading term. Even the order 
m-- 2 term S42 is comparable in magnitude to the zonal con- 
tribution •40. 

Because of the nature of the ono.going forcing in the case of 
current glacial activities •lm and S•m increase monotonically 
with the lower mantle viscosity, as have been found for •2 
(Gasperini et al., 1986). Such a dependence on the steady- 
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Fig. 2 Secular variation of the •avitational harmonic coef- 
ficients with the steady-state, lower-mantle viscosity from 
present-day glacial forcings. Physical parameters of the 4- 
layer model are taken from Yuen et al. (1986). The rheolo• 
is either completely Maxwell (dashed) or Burgers' body (solid 
curves). For the transient rheolo• the ratio of the relaxed 
and instantaneous moduli •2/•1 is 0.1 and the short and long- 
term viscosities v2/Vl = 0.1. The time is 80 yrs into the period 
of glacial melting. The steady-state upper mantle viscosity is 
1022p. 
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Fig. 3 Secular variations of the harmonic coefficients up to 
degree 4 with the lower mantle viscosity from Pleistocene de- 
glaciation in the northern Hemisphere. The values of the 
gravitational coefficients are evaluated 6,000 yrs after the 
end of deglaciation. Other parameters and symbols are the 
same as in Fig. •. 

state deep mantle viscosity, even on timescales of 0(102 yr), 
may prove to be useful for constraining the lower mantle vis- 
cosity. 

It has been estimated that nearly two-thirds of-the sea- 
level rise of around 2.0 mm/yr measured over the last 50 
years is due to thermal expansion of the ocean water (Etkins 
and Epstein, 1982). From using the long-wavelength approx- 
imation for calculating surface gravity anomaly we have de- 
termined that the gravity signal produced by thermal 
expansion is about three orders of magnitude smaller than 
those produced by recent glacial retreats. Thus most of the 
contributions to current sea-level rise do not yield observable 
changes in the gravitational potential. 

Figure 3 shows the variations of the gravitational harmon- 
ics with lower-mantle viscosity. The termination time of the 
Pleistocene deglaciation (Yuen et al., 1982) is taken to be 
6,000 yr BP and the other parameters are provided in Table 
1. In contrast to the present-day glacial forcings, we find that 
for Pleistocene deglaciation the zonal harmonics, (•z0, domi- 
nate for the degrees considered, up to 1 = 4. It is of importance 
to note that for Burgers' body rheology (solid curves) pertur- 
bations from current forcings are greater than those from ice 
ages for lower-mantle viscosity VLM of O(102ap), owing to the 
existence of the troughs in the curves relating the potential 
coefficients to VLM. 

We have extended the calculations to higher degree har- 
monics, up to 1 = 6. Results for 1 = 5 are displayed in Figure 4. 
We find that 051 and g51 are much bigger than C50 for Pleis- 
tocene forcings and that C50, Csl and Ssl have comparab. le 
magnitudes for recent glacial forcings. In the case of 1 = 6, C62 
is comparable to (560 in the case of recent glacial events. These 
results for 1 up to 6 show that non-zonal gravity coefficients 
can be comparable or greater than the zonal coefficients. 
These results also reveal that similar variations of the grav- 
ity coefficients with the lower mantle viscosity are exhibited 
by the higher degree harmonics. 

In Figure 5 we study the dependence of the zonal harmonic 
variation to the potential growth of the Antarctic ice sheet 
(D.O.E. report, 1985). A constant growth rate, equivalent to 
a drop of -.3mm/yr in sea-level, is used in the forcing func- 
tion (Gasperini et al., 1986). The magnitudes of•la and 34 are 
only slightly smaller to those estimated for Pleistocene forc- 
ing (Yoder et al., 1983). What is striking is that 34 is nOW the 
dominating component, greater than both •la and •12. Future 
efforts on monitoring Antarctica's mass balance should be di- 
rected toward harmonics greater than 1 = 2. Satellites with 
orbits lower than LAGEOS may detect these higher degree 
zonal contributions from Antarctic activities. 

Discussions 

In the case of recent glacial forcings perturbations in the 
tesseral harmonic coefficients of the gravity can be quite im- 
portant for degree greater than 3. On the other hand, Pleis- 
tocene deglaciation contributes largely to the excitation of 
zonal harmonics. By making use of resonances in satellite or- 
bits, which occur when the mean motion of the satellite is 
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Fig. 4. Secular history of the harmonic coefficients for 1 = 5 
as a function of lower mantle viscosity. Both Pleistocene 
(panels a and b) and recent glacial (c and d) forcings have 
been considered. The times for evaluating the coefficients 
are the same as in Figs. 2 and 3, as are the parameters and 
symbols. 
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tives from the potential current growth of Antarctica. A 
growth-rate of -.33mm/yr in sea-level is used. The origin 
time corresponds to the beginning of the ice-sheet growing. 
The steady-state lower mantle viscosity is 3 x 1022P. Other 
parameters and symbols are the same as in Fig. 2. 

equal to the order of the tesseral harmonic, one may poten- 
tially measure these azimuthal dependent harmonics. For 
m = 2 dependence, the semi-major axis of the orbit should be 
about 27,000 km, larger than that for LAGEOS. These gravi- 
tational azimuthal coefficients can provide another indepen- 
dent estimate of mantle viscosity and may shed light on the 
amount of lateral variations of the viscosity structure. With 
the acquisition of longer time series it should be possible to 
detect in the near future such variations in •41, as the predic- 
tions are less than an order in magnitude from the observed 
•2. Secular variations in the gravity field, due to recent 
glacial activities, should be included in satellite orbital de- 
terminations in order that better refinements be made upon 

present geopotential models (eg. Reigber et al., 1985). 
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