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On Transient Rheology and Glacial Isostasy
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Theoretical prediclions from analytical, self-gravilating, layered earth models with Maxwell, Burgers'
body, and standard linear solid rheologies are employed to explore the extent to which transient creep
may have influenced the inference of long-term manlle viscosily from analysis of lhe various signatures
derived from the process of g1acial isoslatic adjustment. The compatibility of the various models is
checked by their ability 10 fit simultaneously the relative sea level, free air gravity, and the rotational
data. We conclude that transient creep cannot operate throughout the entire manlle. On account of the
extreme sensitivity of the uplift and gravity data to any significant departures of the steady upper manlle
viscosity from 1021 Pa s, transient rheology would most likely be unimportant in the upper manlle.
Restricting transient rheology to the lower mantle, we find that models with an adiabatic density jump at
670 km depth are not satisfactory because of their inability to produce sufficienlly large gravity anoma
lies and polar wander speeds. Our calculations show that the preferred models with transient creep in the
lower manlle are chemically stratified with a nonadiabatic density change of around 10%. The long-term
viscosities in the lower manlle, associated with compatible transient rheological models, lie between
5 x 1022 and 1023 Pa s. These values are consistent with viscosity estimates derived from correlation of
long-wavelength geoid anomalies and the density perturbations in the deep manlle.

Maxwell rheology which require no more than a factor of 4
increase in the viscosity across the 670-km discontinuity [Wu
and Peltier, 1982, 1983; Yuen et al., 1982; Peltier, 1983]. In a
preliminary report [Sabadini et al., 1985a] we demonstrated
that it is not possible to rule out transient rheology in glacial
isostasy as c1aimed earlier by Peltier et al. [1980]. By com
paring the amplitude responses with the data of secular vari
ation of j 2' the relative sea level curves at sites well within the
ice margins and at the ice margin, we found that ali of the
above data could be satisfied by assuming that the lower
mantle has both transient and steady state creep properties.
For this model we found, in fact, the preferred value for the
long-term viscosity of the lower mantle to be around 5 x 1022

Pa s, in good agreement with the amount of viscosity contrast
inferred from the geoid studies. Recently, Yuen and Sabadini
[1985] have pointed out that the resolving power of mantle
viscosity may be poor at depths greater than 2000 km.

In this paper we will present a more detailed study than
before in order to understand better theoretically the interac
tion between transient and steady state rheologies and also to
conduct a more thorough examination of the various data sets
with the theoretical calculations. In particular, constraints im
posed by the free air gravity anomaly will be included. Saba
dini et al. [1985a] only considered the possibility that the
lower mantle could be transient. We will entertain here the
possibilities for the enti re mantle to have transient creep be
havior. In section 4 it is shown that the whole mantle cannot
behave in this way. As the question regarding the chemical
nature of the major discontinuities in the manti e remains rela
tively unresolved, we will examine the effects on transient
rheological responses from both adiabatic and nonadiabatic
density jumps in the mantle [Fjeldskaar and Cathles, 1984;
Yuen and Sabadini, 1984]. Section 5 provides a comparison of
these two types of density stratification for transient rheology,
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1. INTRODUCTION

The viscosity structure of the mantle is very important for
understanding the dynamics of the earth's interior. The pri
tnary sources of information of mantle viscosity are the rela
tive sea level histories [e.g., Cathles, 1975; Peltier and An
drews, 1976], the anomalous gravity fields [Wu and Peltier,
1983], and the secular responses of the earth's rotational axis
[O'Connell, 1971; Nakiboglu and Lambeck, 1980; Sabadini and
Peltier, 1981] from Pleistocene deglaciation. Starting with the
work of Haskell [1935], almost ali of the studies on inferring
mantle viscosity have employed Newtonian rheology with a
steady state viscosity. Indeed, there has not been much em
phasis placed on other possible types of rheologies in the post
glacial rebound problem, such as non-Newtonian and tran
sient creep.

Recently, geophysicists [Hager, 1984; Ricard et al., 1984;
Richards and Hager, 1984] have begun to employ geoid anom
alies for deriving the amount of viscosity stratification in the
mantle. From the strong association of geoid highs with sub
ducted slabs [Hager, 1984] and from the correlation of the
observed geoids with the gravity field calculated from f10ws
excited by density contrasts in the lower manti e, inferred from
using seismic tomography [Hager et al., 1985], it has been
found that the viscosity should increase by a factor of 30 or
morp across the mantle. These new findings are at variance
with the results derived from postglacial rebound using a



YUEN ET AL.: ON TRANSIENT RHEOLOGY ANO GLACIAL ISOSTASY 11 ,421

steady state

)J-l 2{

transient gers' body rheology [Burgers, 1935], that can be used to inves
tigate geodynamical phenomena spanning both short and long
time scales.

For the simplest Burgers' body rheology [Burgers, 1935]
the three-dimensional tensor of the constitutive relation be

tween the deviatoric stress tensor 'ij and the strain tensor eij
[Peltier et al., 1981; Yuen and Peltier, 1982] is given by

f ..+ [(/1' +/12) + /1'](i .._h ..,)..)+ /1,/12 (, ..-h..,)..)IJ 'l "Il IJ IJ "U I)
v2 v, v,v2

which shows that a chemically stratified mantle is more com
patible with a transient lower mantle. The implications of our
results for mantle viscosity are given in the concluding section
6. We begin by elaborating on the rheological model, the
Burgers' body rheology, which is employed to simulate the
transition from primary to steady state creep.

~

(BURGER'S BODV RHEOLOGV)
Fig. 1. Schematic diagram ilIustrating the two components or the

Burgers' body rheology. Important ratios to be determined in creep
experiments are J12/J1, and v2/v,. For mantle substances there ratios
are considerably less than one.

2. RHEOLOGICAL MODEL: BURGER'S BODY RHEOLOGY

Interpretation of mantle viscosity generally involves fitting
the data to theoretical predictions based on a steady state
rheological model. It is well known that the strain-time re
lationship at high temperature is the sum of the instantaneous
elastic and plastic strain during loading, the transient creep
strain, and the steady state creep strain. Thus in order to
assess the importance of transient rheology in postglacial re
bound it is essential to employ a viscoelastic model which
exhibits both transient and steady state creep, since the inter
action between the two elements may be of significance.

The phenomenon of transient creep has been well docu
mented in laboratory studies of ice, metals, rocks, and min
erals [Evans and Wilshire, 1968; Goetze, 1971; Murrell, 1976;

Joncich, 1976; Carter and Kirby, 1978; Carter et al., 1981;
Munson and Dawson, 1982] and also has been studied theoret
ically [Garofalo, 1965; Amin et al., 1970; Gittus, 1975; Minster

and Anderson, 1981; Gangi, 1981]. There are basically two
types of creep equations that have been applied to high
temperature transient creep, one of the Andrade type, where
the transient strain e as a power law function of time t is
parameterized according to tm; the other one takes the form

(2)

(3)

where s is the Laplace transform variable and the circumfiex
represents the dependence on S. The transformed rigidity for
the Burgers' body [Yuen and Peltier, 1982) is given by

where the overdots denote differentiation with respect to time.
The unrelaxed Lamè elastic parameters are given by /1, and
À" and /12 is the shear modulus associated with the Kelvin
Voigt element (cf. Figure 2). The two viscosities, v, and v2

describe the long-term and transient processes, respectively. It
is clear from Figure 2 that there is only a single relaxation
time associated with the transient Kelvin- Voigt elemento It is
important to emphasize that each of the coefficients in (2) are
not dependent on time and can be interpreted in terms of
simple physical parameters, in contrast to the time-dependent
viscosity parameterization given by Peltier et al. [1980] and
recently by Caputo [1985]. From the point of view of con
tinuum mechanics, our present approach for investigating the
interaction between transient and steady state creep is more
rigorous than simply employing a transport property in which
a particular time history is prescribed beforehand. To be sure,
this model deserves to be thoroughly tested against experi
mental anelastic data to determine whether or not it might
provide an adequate description of transient and steady state
creep in the mantle. It may turn out that more than one
Kelvin-Voigt element is needed for describing mantle transient
rheology. However, this would entail no great theoretical diffi
culty, as each additional Kelvin-Voigt element would merely
increase the order of the time derivati ves of stress and strain
by one.

For an incompressible earth model the Burgers' body rheol
ogy is completely specified by the four parameters, v" /1" V2,

and /12' All we need now in order to employ the correspon
dence principle for viscoelasticity is the transformed shear
modulus /1(s). This is obtained by taking the Laplace trans
form of the constitutive relation (2) which yields

(1)e(t) = ET[1 - exp (-t/À)]

It should be mentioned that /1(s) for a generalized Burgers'
body with a transient creep following Andrade's relation may
be derived from considerations of the complete retardation or
relaxation spectrum, following the procedure outline by Saba
dini et al. [1985b].

The transformed shear modulus for a Burgers' body rheol
ogy is to be compared with that associated with the linear
Maxwell constitutive relation given by

where ET is the total transient creep strain and À is a relax
ation time for transient creep which can be parameterized by a
short-term rigidity and viscosity (cf. Figure 1).

The response of a Kelvin-Voigt element, indicated by the
dashpot element portraying /12 and V2 in Figure 1, to a con
stant stress is described by (1). On the other hand, the An
drade time-dependent behavior can be derived from either a
generalized retardation [Minster and Anderson, 1981; Sabadini
et al., 1985b] or relaxation [Strick and Mainardi, 1982; Muel
ler, 1984; Caputo, 1985] spectrum. ExperimentaJ laboratory
data on metallic [Amin et al., 1970; Evans and Williams, 1972],
ice [Joncich, 1976], and olivine [Post, 1977] systems seem to
favor (1) over Andrade's relationship. To the Kelvin-Voigt ele
ment we will append the Maxwell element, delineated by /1,

and v, in Figure 1, thus yielding the simplest model, the Bur-

( ) /1,s(s + /12/V2)/1 s -
- S2 + [(/1, + /12)/V2 + /1dv,]s + (/1,/12/V, v2)

(4)

(5)
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Fig. 2. Relaxation diagrams for models in which there is a non-adiabatic density jump of 8.6% at 670 km depth. (a) A
Maxwelllower-mantle. (b) A Burgers' body rheology employed in the lower mantle. Other parameters are the same as in
Figure 3. The appearance of the MI mode is due to the internai density buoyancy expressed by equation (6). Spectral
parameters associated with l = 2 and 10 are provided in Table 2.

In (4) there are basicalIy two dimensionless parameters,
J.l2/J.ll and V2/VI. Both Joncich [1976] and Post [1977] em
ployed the Burgers' body rheology, given by (2), in decompos
ing their creep data into transient and steady state compo
nents. This process of extracting the coefficients in (2) from the
creep curves is highly nonlinear [Parrish and Gangi, 1981], as
the parameters to be estimated appear in the argument of
exponential functions. Post found that V2 is about 0.1VI' thus
indicating a strain hardening in the transient stage. From ana
Iyzing the initial strain and strain rate one finds from Post's
data that J.l2 is considerably softer than J.ll' The ratio J.l2/J.ll lies
between 1/5 and 1/10; similar values are also found for ice,
using Joncich's data. That J.l2 should be considerably smaller
than J.ll also hold for other geological minerals and crustal
rocks as well from analysis of creep data [Smith and Carpen
ter, 1986]. They have found that J.ldJ.lI lies between 1/3 and
1/20 for garnet orthosilicates, and for olivine, Peltier [1985b]
has studied postglacial rebound with a Burgers' body rheol
ogy, Peltier, however, did not fix the ratio of the long- to
short-term viscosities V2/VI• His results favored an extremely
low ratio for J.l2/J.lI' 0(0.01). Such low values are not supported
by experimental evidence. This aspect is especialIy important
from the point of view of transient creep being potentialIy able
to play an important role in glacial isostasy, since a softer J.l2

relative to J.ll would mean that the Kelvin-Voigt element
would behave like a MaxwelI element. This phenomenon, in
the limit of extremely small values of J.l2/J.lI, has been demon
strated previously for a standard linear solid by Sabadini et al.
[1985b]. Therefore it is extremely important to extract the two
ratios J.l2/J.ll and V2/VI from transient creep experiments, in
stead of just taking mathematicallimits J.l2 « J.lI, as was done
by Peltier [1985b].

Since there are no existing data for lower mantle consti t
uents, we will assume the transient creep to be of strain
hardening nature and take V2/VI to be 0.1, a balIpark value
suggested by Post's [1977] results. FolIowing the guidance of
laboratory data [Post, 1977; Smith and Carpenter, 1986], we
will restrict outselves to the ratio of J.l2/J.ll between 1/5 and
1/15. We should emphasize here that the functional form for

creep given by (2) is linear in nature. Some of the transient
creep data have indicated nonlinearity between the stress and
strain rate [Carter and Kirby, 1978]. Despite this obvious
deficiency, it is our contention that as a start, the linear Bur
gers' body rheology is a good choice for illustrating the phys
ics of transient creep.

Two different rheological models will be studied. In the first
model [Sabadini et al., 1985a] only the lower mantle can
behave in a transient manner, while the upper mantle has
steady state creep. This model was suggested by Weertman
[1978] on the basis of the strain in the lower mantle caused by
postglacial rebound. This we will calI from now on the four
layer mode!. We will also study the effects arising from a
mantle which can be transient throughout in order to examine
whether the data are compatible with such a globally transient
model, here called the three-Iayer mode!. We will also study
the effects of nonadiabatic density gradients in the four-Iayer
mode!. On the whole, we will focus on the folIowing issues: (1)
whether transient rheology exists in the whole mantle or just
the lower mantle, (2) the effects of chemicallayering and phase
transitions within the context of the four-Iayer model. The
parameters used for the Burgers' body rheology will be con
strained by laboratory creep estimates [Post, 1977; Smith and
Carpenter, 1986]. This approach is to be contrasted with that
taken by Peltier [1985b] in which the ratios of J.l2/J.ll and
V2/VI have not been checked with existing experimental data.
The various three- and four-Iayer models used in this study
are summarized in Table 1.

3. PROPERTIES OF THE VrsCOELASTIC ErGENSPECTRA

The model used has been described before [Yuen et al.,

1982]. Il consists of four layers: an elastic lithosphere, two
viscoelastic layers in the mantle, and an inviscid core. The
physical parameters are given in Table 2.

We have employed the correspondence principle in solving
the appropriate equations governing momentum conservation
and the perturbed gravitational field in the incompressible
elastic limit. Analytical solutions are found for the fundamen
tal matrices of the sixth-order differential system describing
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"'Uppermantle has Maxwellrheology.

TABLE 1. ModelsUsed in This Study

3.1. Adiabatic and Nonadiabatic Boundary Conditions

The nature of the 670-km discontinuity is important in de
termining the exact boundary condition to be applied on thc::
normal stress [Yuen and Sabadini, 1984]. For a compositional
boundary [e.g., Anderson and Bass, 1985], this discontinuity
must behave nonadiabatically in that it must be advected
along with the mass movement [Cathles, 1975]. Thus this
deflection of the interface can act as a source of internai buoy
ancy. In this case at the discontinuity r = d the appropriate
boundary condition for the total normal stress (J' •• is

TABLE 2. Physical Properties or the Earth Models Used in This
Study

3.2. Dispersion Diagrams and Love Numbers

The determination of the number of modes for a given rheo~
logical model is quite straightforward, since it can be shown
from the analytical expression of the secular determinant that
it is a polynomial in s. For the nonadiabatic situation, six
modes are obtained for the four-Iayer model given in Table 2,
and nine modes are present for a model in which the lower
mantle has a Burgers' body rheology with V2 = O.lv" and
f.l2 = f.ll/lO· The long-term viscosity is 1023 Pa s in both the
Maxwell and Burgers' body models. We will take a 8.6%
nonadiabatic density change throughout this papero The three
transient modes are designated B1, B2, and B3. They are
shown in Figure 2 to have relaxation times between the
mlintle (MO) and core (C) modes. In Table 3a we have tabu
lated for angular order I = 2 and lO a complete list of the
inverse relaxation times and the spectral decomposition of the
viscoelastic Love numl?ers h(s) and k(s) representing uplift and
gravity perturbation produced by an impulsive, delta function
mass load. The elastic and density parameters are taken from
Table 2. The upper mantle viscosity is Maxwellian with Vi =
1021 Pa s. The long-term viscosity in the lower mantle is 1023
Pa s with v2 ~ vdl0 and f.l2 = f.ldlO in the Burgers' body
models. The Ijthospheric (L) and mantle (MO) modes are most
perturbed by the presence of transient rheology, especiaUy for
low a~gular orders. The core mode is perturbed somewhat.
On the other hand, transient rheology does not influence thc
TI, T2, and the slowly decaying MI modes. It is important to
note from Table 3a t4at the strengths of the Green's function,
as measured by h;/sj and k;/sj, are not negligible for the tran
sient modes when held in comparison with the other modes,
especially fpr the higher harmonics. This is especially true for
the B3 q1ode. What is interesting is that the strengths of the
B3 mode for angular orders, around lO, are greater than the
elastic contributions, as measured by ho and ko.

Figure 3 shows the dispersion diagram of the adiabatic situ
ation for both the Maxwell and Burgers' rheologies. The MI
mode is now absent for the adiapatic boundary condition. It is
quite remarkable that the relaxation times between the nona
diabatic flnd adiabatic cases are quite similar both for the
steadY and the transient modes. We give the inverse relaxation
times and the two types of Love numbers in Table 3b for the

(6)

Four-Layer'"

Maxwell(in lowermantle)
adiabatic
nonadiabatic

Burgers
(in lowerma!1tle)

adiabatic
nonadiabatic

standard linear solid
(in lowermantle)

adiabatic
nonadiabatic

Three-Layer

Maxwell

Burgers

Standard linear
solid

surface loading of a spherical self-gravitating earth. This ap
proach is entirely analytical in that explicit algebraic ex
pressions are developed and the calculations then consist of
functional evaluations. The computational speed for our four
layer model is at least 20 times faster than methods based on
integrating numerically systems of ordinary differential equa
tions [Wu and Peltier, 1982]. Some of the computational
times based on the CRAY-XMPI2 in Casalecchio di Reno
Bologna are provided in Table 4.

Explicit expressions involving f.l(s) are found in the elements
of the fundamental matrix. As the formula for f.l(s) in the case
of Burgers' body is much more complicated than the Maxwell
Jl{s), we had to use an algebraic manipulator for developing
analytical expressions for each of the 5 x 5 elements of the
secular determinant [Yuen et al., 1982, equation (12)]. Other
wise, the mathematical techniques have remained the same.

Physical Propertywhere g is the local gravitational acceleration, !1PNA is positive
density difference between the lower and upper mantle (see
Table 2), and U is the scalar function associated with the
radiai displacement. Although the evidences at present seem
to favor a compositional boundary [Anderson and Bass, 1985],
there may also be the possibility of a phase change at the
670-km discontinuity. The behavior of a phase boundary is
more complicated, as the latent heat cannot be diffused away
on the time scale of postglacial rebound [O'Connell, 1<;)76].
However, Christensen [1985] has shown analytically that in
the presence of convection the670-km discontinuity would
behave adiabatically for a phase change. In the case of an
adiabatiç phase transition there is no internaI sourçe of buoy
ancy, and the boundary condition for (J' •• is then

(7)

PL = PM

Pc

!-IL'"

!-1M

re

g(a)

PL = PUM

PLM

Pc

re

g(a)

!-IL

!-IUM'"

!-ILM

Value

Three-Layer Model
4,314 kgJm3

10,925 kgJm3
3.15 X 10'0 N/m2
1.45 X 1011 N/m2

3,480 km
9.6 m/s2

Four-Layer Modelt

4,120 kg/1113

4,580 kg/m3
10,925 kg/m3

3,480 km
9.7 m/s2
7.28 X 10'0 N/m2
9.54 X 10'0 ~/m2

1.99 X 1011 N/m2

Sabadini et al. [1985a] employed the boundary condition
appropriate for a chemically stratjfied mantle (Le., equation
(6». In this study we will also consider the less likely possi
bility of a phase transition by using· also (7) as a boundary
condition.

The symbols L, M, and C represent the lithosphere, mantle and
core, while LM and UM denote lower mantle and upper mantle,
respectively.

"'Instantaneousrigidity.
tAdiabatically stratifiedmodel has the same densitydistribution as

the three-layermode!.Chemicallystratified.



11,424 YUENETAL.:ONTRANSIENTRHEoUX/YANDGLACIALlSOSTASY

TABLE 3b. SpectralCharacteristicsof Maxwelland Burgers'Body
ModelsAdiabaticallyStratified

Maxwell rheological model that this method is about 2000
times faster than the finite element method [Melosh and
Raefsky, 1980] for obtaining the same spatial resolution
(l ::;; 20) and for 60 Maxwell times.

4. TRANSIENTRHEOLOGY:WHOLEMANTLE

In this section we will explore the consequences for the
entire mantle to creep with transient rheologies. Two different
transient rheologies are considered. The first is the Burgers' "
body rheology; the second is a standard linear solid (SLS)
rheology. The reason for choosing the SLS is that this particu
lar rheological model is a limiting case of the Burgers' body
rheology, as VI approaches an extremely high value. More
over, the SLS can capture some of the physics of the transient
creep model for explaining the quality factors of seisJllic waves
and the Chandler wobble [Anderson and Minster, 1979]. The
three-Iayer model consisting of an elastic lithosphere, a vis
coelastic mantle, and an inviscid core [Sabadini et al., 1982]
will be used with the density and shear modulus values given
in Table 2.

There are altogether six normal modes for each angular
arder in the three-layer Burgers' body model: Bl, B2, B3, MO,
C, and L. Far the SLS rheology the B modes disappear and
the MO, C, and L modes [Sabadini et al., 1985b] remain in
the three-layer mode!.

Si' ljkyr kj, l/kyr

-8.97 X 10-2
-6.69 X 10-4
-7.39 X 10-3
-5.21 X 10-3
-1.36 X 10-3

-3.03 X 10-1

-2.00 X 10-1
-3.36 X 10-3
-7.66 X 10-2
-2.95 X 10-2
+ 1.38x 10-8

-7.27 X 10-2

Maxwell With l = 2
-1.66 X 10-1
-7.05 X 10-4
-1.55 X 10-2
-9.05 X 10-3
-3.48 X 10-3
-5.46 X 10-1

Maxwell With l = lO

-1.75
-2.94 x 10-2
-6.70 X 10-1
-2.58 X 10-1
-2.43 X 10-7
-6.15 X 10-1

-4.28
-3.23
-6.20 x 10-2
-2.31 X 10-2
-4.31 X 10-3

-4.13
-2.39
-4.74 x 10-1
-3.97 X 10-2
-3.15 X 10-3

TI
T2
L
MO
C
ho
ko

TI
T2
L
MO
C
ho
ko

Si' ljkyrhi, l/kyrkj, ljkyr

Maxwell With l = 2
TI

-4.10 -1.45 x 10-1-7.82 X 10-2
T2

-3.16 -2.82 x 10-4-2.76 X 10-4
L

-6.00 X 10-2-1.75 X 10-2-7.87 X 10-3
MO

-2.38 X 10-2-9.23 X 10-3-5.35 X 10-3
C

-4.28 X 10-3-3.45 X 10-3-1.32 X 10-3
MI

-1.70 x 10-4-1.56 X 10-3-2.8i X 10-7
ho

-5.59 X 10-1
ko

-2.99 X 10-1
Maxwell With l = lOTI

-3.98 -1.52 x 10-1-1.69 X 10-2
T2

-2.38 -2.74 x 10-2-2.82 X 10-3
L

-4.55 X 10-1-6.86 X 10-1-7.43 X 10-2
MO

-3.86 X 10-2-2.66 X 10-1-2.88 X 10-2
C

-3.09 X 10-3-3.18 X 10-7+3.07 x 10-9
MI

-2.90 x 10-4-5.72 X 10-7+4.57 x 10-7
ho

-6.49 X 10-1
ko

-7.13 X 10-2

Burgers' With 1=21'1
-4.12 -1.25 x 10-1-6.75 X 10-2

T2
-3.28 -1.70 x 10-3-1.52 X 10-3

MO
-3.06 X 10-1-1.33 X 10-1-7.53 X 10-2

L
-1.16 X 10-1-5.57 X 10-2-2.21 X 10-2

Bl
-5.94 x 10-2-1.59 X 10-3-6.19 X 10-4

B2
-3.29 x 10-2+9.50 x 10-7+3.97 x 10-6

B3
-3.73 x 10-3-3.70 X 10-4-1.98 X 10-6

C
-2.41 X 10-3-1.09 X 10-3-4.05 X 10-4

MI
-1.69 x 10-4-1.51 X 10-4-2.04 X 10-7

ho
-5.59 X 10-1

ko

-2.99 X 10-1

Burgers' With l = lOTI
-4.02 -1.21 x 10-1-1.34 X 10-2

T2
-2.60 -1.88 x 10-2-1.93 X 10-3

MO
-4.61 X 10-1-6.56 X 10-1-7.09 X 10-2

L
-1.01 X 10-1-4.48 X 10-1-4.92 X 10-2

Bl
-7.92 x 10-2-1.50 X 10-3-1.60 X 10-4

B2
-4.32 x 10-2-1.87 X 10-3+6.29 x 10-7

B3
-1.87 x 10-2-4.76 X 10-2-5.00 X 10-3

C
-1.84 X 10-3-3.63 X 10-8+4.03 x 10-9

MI
-2.74 x 10-4-4.32 X 10-7+3.92 x 10-7

ho

-6.49 X 10-1
ko

-7.13 X 10-2

The Love numbers are obtained for an impulsive delta function
mass load. The long-termviscosityof the upper mantIe is 1021Pa s;
that of the lower mantIe is 1023Pa s. For the Burgers' body model
the ratios V2/VI and J1.2/J1.1 have beenset to 0.1.

TABLE 3a. SpectralCharacteristicsof Maxwelland Burgers'Body
ModelsChemicallyStratified

adiabatic mantle. It is in the total strength of the viscous
relaxation due to the presence of the MI mode that one dis
tinguishes the differences between the adiabatic and nonadia
batic boundary conditions. This contrast is particularly true
for the gravitational perturbation, irrespective of the nature of
the rheology. The impact of nonadiabatic density changes on
gravity anomalies has been found by Peltier [1985a] for the
Maxwell rheology. Since this should also hold for Burgers'
body rheology, we may be able to better constrain the nature
of the 670-km discontinuity for a transient lower mantle, as
the gravity anomaly calculations in section 5 show (see Figure
15).

3.3. Computational Times

In order to emphasize the advantage in the speed of the
analytical approach, we have recorded in Table 4 the actual
computational times taken on the CRAY-XMPI2. The rheo
logical and density structures are taken from Figure 2 for the
Burgers' body rheology for which nine normal modes are
present for each angular order. We have also found for the

Burgers' With l = 2
TI -4.29 -1.46 x 10-1
T2 -3.35 -2.13 x 10-3
MO -2.98 X 10-1 -1.28 X 10-1
L -1.18 X 10-1 -5.33 X 10-2
Bl -5.92 x 10-2 -2.69 X 10-3
B2 -3.33 x 10-2 -2.33 X 10-3
B3 -3.72 x 10-3 -3.70 X 10-4
C -2.43 X 10-3 -1.04 X 10-3
ho -5.46 X 10-1
ko

Burgers' With l = lO

TI -4.17 -1.42 x 10-1
T2 -2.61 -2.06 x 10-2
L -4.81 X 10-1 -6.40 X 10-1
MO -1.01 X 10-1 -4.42 X 10-1
Bl -8.00 x 10-2 -1.43 X 10-3
B2 -4.28 x 10-2 -9.51 X 10-3
B3 -1.83 x 10-2 -4.05 X 10-2
C -1.86 X 10-3 -2.79 X 10-8
ho -6.15 X 10-1
ko

SeeTable 3a footnotes.

-7.85 X 10-2
-1.86 X 10-3
-7.20 X 10-2
-2.20 X 10-2
-9.42 X 10-4
+8.33 x 10-6
-2.00 X 10-4
-4.01 X 10-4

-3.03 X 10-1

-1.62 X 10-2
-2.36 X 10-3
-7.31 X 10-2
-5.05 X 10-2
~ 1.60X 10-4
-1.09 X 10-3
-4.63 X 10-3
-3.61 X 10-10

-7.27 X 10-2



YUEN ET AL.: ON TRANSIENT RHl!OLOOY ANO GLACIAL lSOSTASY 11,425

:~: : : : :::'--.!.!
T2

I T2

"'-L
MO. MOL'

......--
B1·

... "82-- B1
.......B2'l .·'B3

lO
" .

i B3.
C'

. '.
-3 lO

-4

lO

~
ADIABATIClif'lO

1001 lO100

angular arder, L
angular arder, 1

L·
MO·

C·

5

1

1

-3
lO

-4
lO

-5
1Q

Fig. 3. Dispersioncurvesshowingthe relaxationtimesof the individuaimodes for angular orliers up to 1= 100for (a)
Maxwellmodel and (b) Burgers'body rheologyin the lowermant1e.The upper mantle is Maxwellianfor both casesandv1
is held constant at 1021Pa s. The long.térm viscosityVi in the lowermant1efor both modelsis 1023Pa s. The short-term
viscosityv2in Figure 3b is 0.1 Vi andJ.l2= J.IdlO. The adiabatic polmdary conditions(equation (7))have been applied at

670-kmdepth. Modesare categorizedacçordingto the nomenc1aturegivenby W!I and Peltier [1982] with the exceptionofthe new transient modes B1, 62, and B3 which arise on account of Burgers'b'ddyrheology.Physical parameters of these
four-Iayermodelsare providedin Table 1.Spectralcharacteristicsof l = 2 and lO are givenin Table 2.

TABLE 4. Computational Time of Four-Layer Burgers' Body
ModelsUsingCRAY-XMP12(One Processor)

These computational times are taken for nonadiabatic boundary
conditions, Vi = 1021Pa s in upper mant1eand J.I2/J.I1 = V2/V1 = 0.1,
Vi = 1023Pa s in lowermant1e.

(8)

4.5

0.2
0.5
2

CPU
Time, s

9
18

900

1800

Number of Normal
Modes UsedTask

i2
Polar wander
Displacement

(up to (}= 90°)
Free air gravity anomaly

(up to (} = 90°)

where the residues governing the strength of the excitation are
denoted by hl•j (see Table 3) and are related to thè surface
radiaI displacement by the perturbed gravitational potential
due to the point load. P!,x) is the normalized Legendre poly
nomial of degree l ca1culated according to an algorithm based
on a generalized recursion relation for associated Legendre
polynomials, which are used in the construction of synthetic
seismograms [Buland, 1976]. For each l there are M modes,
depending on the density and rheological stratification (see
Table 3). One needs lo carry out the sum in l, starting from
l = 2 for an incompressible mode!. Every term in the subse
quent spherical harmonic expansion has been employed in the
summa.tion, since there is no symmetry. For obtaining conver
gence of 1% accuracy at the center of the ice sheet one needs

lowing the formalism developed by LOrJgman [1962], Farrell
[1972], and Peltier [1974], the Green's function for the surface
radiaI displacement accounting for just the viscoelastic relax
ation takes the follpwing form in the s domain:

N M h
GJ.6, s) = L: L: .....!J..... P,(cos 6)

1=2 j= l S + Sj

4.1. Surface Displacement

The most basic way to compare the responses of various
rheological models is to compare the surface response as a
function of time subsequent to a sequence of 2Qglacial cycles
with a period of 105 years. The time history of thll displace
ment is calculated on the basis that no melting has taken pIace
for the last 12,000 years, following 20 previous cycles of load
ing history with a sawtooth waveform to simulate the very
slow b\lildup of themajor ice sheet and its extremely fast
disintegration [Wu and Peltier, J982]. For the displacement
and gravity calculations we focus just on the Laurentide ice
sheet, which is modeled by a circular disk of fixed angular
radius of 15° and a parabolic shape with an initial maximum
height of 3500 m which corresponds to a total ice mass of
1.8 x 1019 kg. The shrinkage of the ice sheet is controlled by
decreasing the centraI peak as a linear function with time. An
advantage of using a constant ice sheet radius is that the
convolution of the Green's function with the load can be inte
grated analytically, thus obviating tbe need for carefully keep
ing track of the points which may at times lie outside the disk,
as in the case of an ice sheet with a varying radius [Wu and
P(1/tier, 1983]. Furthermore, Wu and Peltier [1983] have
shown that the effects of keeping the size of the ice load fixed
is to underestimate by a slight amount the gravity and dis
placements with respect to a load whose shape is aUowed to
vary in time. We have decomposed the profile of the ice thick
ness by using an expansion with Cheyschev polynomials of the

first kind. The details and the spectral coefficients used for the
load can be fouud in Appendix A.

We have employed the Green's function derived for an i~
pulsive point load in calculating the time history of the dis
placement associated with a particular rheological mode!.
Since the termination of the unloading event is in the distant
past (12,000 years B.P.), the only contribution tO the uplift
comes from viscoelastic flows, as the elastic deformation had
ceased immediately at the close òf the last melting event. Fol-
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X 1021 Pa sand 112 = 1l1/5 (curve 3) and for a Burgers' body
with V2 = 5 X 1022 Pa s, V2 = 0.1 VI and 112 = 1l1/5 (curve 4).
Decreasing 112 to 1li/1O brings the Burgers' body predictions
(curves 5 and 6) closer to the data, but they are not as good as
the uniform Maxwell model (curve l). This inadequacy of the
Burgers' model is due to the fact that the upper mantle is
transient, which promotes greater amount of initial subsidence
in the centrai portion of the ice sheet. This deficiency of the
three-Iayer model will necessitate that transient rheology be
restricted to the lower mande, as advanced by Weertman
[1978].

The nonmonotonic time history of the sea level at the edge
of the ice sheet, like the city of Boston, is another important
constraint on the rheological mode! [Nakada, 1983; Peltier,
1984; Sabadini et al., 1985a]. In Figure 5 we show the time
evolution of the displacement at () = 15° for the Maxwell
(curve 1) and the Burgers' body rheologies (curves 2 and 3)
with various ratios of 1l2/1l1 and V2/VI, which are compatible
with laboratory data. A lithosphere with a thickness of 120 km
has been used. Both the Burgers' body and Maxwell rheol
ogies have VI = 1021 Pa s. It is clear that the Burgers' body
rheology (solid curves) cannot fit the data, while the Maxwell
prediction (dashed curve) agrees much better with thc data
taken from Peltier [1984]. Increasing the thickness of the
lithosphere to 180 km would allow for a better fit in the
Maxwell case, as has been shown by Peltier [1984] for a more
complicated four-Iayer earth mode!. Increasing VI in the three
layer Burgers' body to 1022 Pa s would induce a purely mono
tonically decreasing pattern, which could not fit the data at
ali. In Figure 8 we will demonstrate that the three-Iayer
model, owing to the fact of being transient throughout, has
definite 'problems in satisfying the data near the edge of the ice
sheet for a whole suite of 1l2/1l1 and V2/VI values.

Fig. 6. Free air gravity anomaly at the center of the Laurentide
ice sheet as a function of mean mantle viscosity VM for the three-Iayer
model. Curve 1, dashed, is based on Maxwell rheology. Curve 2, solid,
corresponds to the Burgers' solid with /12 = /ldlO and V2 = vd10.
This curve is plotted as a function of VI. The SLS rheology with
V2 = /ld10 has been used for the dotted curve 3. In this case, VM refers
to the short-term viscosity. Error bounds of the gravity data are taken
from Wu and Peltier [1983]. Same lithospheric thickness as in Figure
5 is employed.
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Fig. 4. Comparison of the predicted and observed relative sea
level (RSL) history at "lhe center of the Laurentide ice sheet for the
three-Iayer model. Curves 1 and 2, which are dashed, are based on the
Maxwell model with VI = 2 X 1021 and 5 x 1021 Pa s, respectively.
Curve 3, dotted, corresponds to the standard linear solid (SLS) model
with v2 = 5 x )021 Pa sand /12 = /ld5. Curves 4, 5, and 6 are based
on the l3urgers' rheolagy with V2 = vdlO and VI = 5 X 1022 Pa s.
Curves 4 an<:\5 lIave /12 = /11/5 and /12 = /ld10. respectively. Curve 6
has VI = 1023 Pa sand /12 = /ldlO. A lithospheric thickness of 120
km has been used. Observational RSL data for this figure and the
following ones are taken from Wu and Peltier [1982, 1983] and Pel
tier [1984].
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20

to Sjlm up to l = 25, whereas at the edge of the ice load (see
Figure 5) we found it necessary to include up to l = 80 for 5%
convergence. In this paper we have employed up to 1= 100 in
ali of the displacement and gravity anomaly calculations.

The time histories of the radiai displacement at the center
are displayed in Figure 4; the data points of the sea level (lre
taken from Wu and Peltier [1982]. lì should not be surprising
that a Maxwell mode! with 2 x 1021 Pa s (curve 1) can fit the
data, whereas one with 5 x 1022 Pa s (curve 2) is observed to
be too low. The same trend is seen for a SLS with V2 = 5

Fig. 5. Comparjson of predicted and observed RSL curves at the
margin of the ice sheet, in the vicinity of Boston for the three-Iayer
model. The lithospheric thickness is kept fixed at 120 km. Curve 1,
dashed, corresponds· to the Maxwell rheology with VI = 1021 Pa s,
while curves 2 and 3 represent Burgers' body predictions with VI =
1021 Pa s. v2 = vd10, /12 = /1dlO (curve 2), and v2 = vd5 and /12 =
/11/5 (curve 3).
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(9)

(b)

where M e is the mass of the earth. The Love numbers h and k
are calculated from solving the appropriate boundary value
problem in the S domain for an impulsive, point load. The first
series involving I in (9) are due to the elastic deformation and

4.3. Rotational Responses

Two more signatures of glacial isostasy that might be em
ployed to constrain the internaI mantle viscoelastic structure
are the presently occurring wander of the rotation pole [Dick
man, 1977, 1981] and the present-day secular variation of the
degree 2 zonal coefficient J 2 of the earth's gravitational poten
tial field [Yoder et al., 1983; Rubincam, 1984]. The theoretical
formulation for calculating these two rotational signatures for
a viscoelastic pIane t is by now familiar in geophysics [Wu and
Peltier, 1984; Sabadini et al., 1984]. We have accordingly con
ducted calculations of the polar wanter velocity V and the
secular variation of j 2 for the three-Iayer models studied in
this section. In calculating the polar motions of a model with
the Burgers' body rheology we have included the three ad
ditional transient modes in the rotational eigenspectrum. For
these calculations we have considered alI three ice sheets of

Laurentide, Fennoscandia, and Antarctica [Yuen et al., 1982].
An equivalent meltwater rise (PI = 90 m) distributed globalIy
has been assumed for the northern hemisphere ice sheets,
while another 25 m of sea level rise is used to model deglacia
tion in Antarctica. A triangular wave shape, based upon
oxygen isotope data, is used to approximate the ice age cycle
[Sabadini and Peltier, 1981]; 20 of them have been employed
in our calculations. The termination time ti of the last ice age
is taken to be 6000 years ago [Yuen et al., 1982].

The polar wander predictions and the j 2 results of the
three-Iayer models are presented in Figures 7a and 7b, respec
tively. We have used a slightly thicker lithosphere of 160 km

do not. contribute at alI for the present, since the unloading
event ended long ago. The relative signs of the two series
involving h and k reflect physicalIy the contributions to grav
ity from the deformation of the surface and the resulting gravi
tational attraction caused by the warped surface. In Appendix
B we display free air gravity anomalies as a function of time
and angular distance from the center for a four-Iayer model
with Burgers' body rheology in the lower mantle. Although
gravity anomalies do not require more than 20 or so spherical
harmonics for convergence, we have considered up to I = 100
in the free air gravity calculations. Figure 6 shows the free air
gravity anomaly over the center of the ice sheet at present,
which according to the sawtooth waveform scheme [Wu and
Peltier, 1982] would correspond to a ti me 12,000 years after
the termination of melting. Twenty previous glacial cycles
have been employed in the forcing function. The amplitude of
the gravity anomaly is plotted as a function of the mean
mantle viscosity, V, in the case of MaxwelI and Burgers' body
and V2 for the SLS rheology. A shear modulus J1.2 = J1.1/10 has
been employed. We observe for the three-Iayer MaxwelI model
(curve l) that there exists a range of mean mantle viscosities
between 9 x 1021 and 5 x 1023 Pa s which can produce grav
ity anomalies with a magnitude greater than - 30 mGal, the
lower limit of the data over Laurentide [Wu and Peltier,
1983]. A maximum of -35 mGal is attained for a viscosity of
6 x 1022 Pa s. The gravity anomalies produced by a SLS
rheology are simply too smalI, - 17 mGal being the minimum.
In the case of a Burgers' body rheology the gravity signals are
intermediate between the MaxwelI and SLS results. Only for a
high long-term viscosity of 3 x 1023 Pa s does the gravity
anomaly touch the lower bound o(Jhe observed data. How
ever, as we have discussed already from the results given in
Figure 5, such high values of VI are not tolerated by the
displacement at the ice margino Thus, from both the gravity
and the sea level data it seems quite evident that transient
rheology cannot exist throughout the enti re mantle.
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4.2. Free Air Gravity Anomalies

Another type of data which we wilI employ here to con
strain potential transient rheologies is the free air gravity
anomaly. As emphasized by Wu and Peltier [1982], the rela
tive sea level histories and the gravity anomaly are not re
dundant in information content about the viscosity structure.

From the Love numbers h,.i and k',i we have constructed the
analytical Green's function for calculating the time-dependent,
free air gravity anomalies caused by surface loading [Peltier,
1974]. In the Laplace-transformed domain, it is given by

Gi8, s) = -IL I I [I+ 2h,.i - (l + l)kl'i]p/(COS 8)Me /=2 i=1 S+Si S + Si

1

5 I 6
t x(10 yr)

Fig. 7. (a) Polar wander speed as a function of time after the
cessation of glacial melting for the three-Iayer model. The dashed
curve l corresponds to the MaxweIl rheology with V, = 10022 Pa s.
The solid curves 2 and 3 represent calculations based on a Burgers'
rheology with V, = 1023 Pa s = lO V2 and with {l2 = {I,jl0 and {l2 =
{I,j15, respectively. Curve 4 is based on SLS rheology with v2 = 1022
Pa sand {l2 = {I,jIO. Lithospheric thickness is 160 km. Ninety meters
of meltwater from the northern hemisphere and 25 m from the Ant
arctic ice sheet have been employed in the forcing function [Yuen et
al., 1982]. Data are taken from Dickman [1977]. (b) Secular variations
of j 2 after the end of deglaciation for the three-Iayer model. Dashed
curves l and 2 are based on MaxweIl rheology with viscosities of
2 x 1021 and 1021 Pa s, respectively. Curves 3 and 4 represent Bur
gers' body rheology with v2 = v,j1O and {l2 = {I,jIO. Curves 3 and 4
have v, = 1021 and 5 x 1022 Pa s, respectively. The SLS model is
used for curve 5 with V2 = 5 X 1021 Pa sand {l2 = {I,jIO. The inset
portrays the short time scale evolution. Curves A, B, and C corre
spond to MaxweIl, Burgers' body, and SLS models with v, = 1021 Pa
sand V2 = 1020 Pa s. The short-term rigidity {l2 is O.l{l" The end of
melting is marked by t = O. Lithospheric thickness is fìxed to 160 km.
Data are taken from Y oder et al. [1983]. Melting of ice sheets in both
the northern and southern hemispheres is taken into account.
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Fig. 8. Comparison between three- and four-Iayer models at the
ice margins. The ratio of V2/V1 is set to 0.1 in ali models except for
dashed curve in Figure 8a, where V2/V1 = 0.5 is used. (a) Three-Iayer
model where the entire mantle has a Burgers' body rheology. (b) and
(c) Four-Iayer model with a nonadiabatic interface. Upper manti e is
Maxwell; lower mantIe is Burgers' body. The steady state viscosity
VLM in the lower mantle is different in Figures 8b and 8c, as indicated
by the symbol. Ratios of 112/111 are given adjacent to the curves.
Encircled value is considered extreme from laboratory data [Smith
and Carpenter, 1986]. Dotted curve in Figure 8c has VLM = 1023 Pa s.

in order to best fit the data for the transient rheologies, since
the speed of polar motion is somewhat sensitive to the litho
spheric thickness [Yuen et al., 1982], whereas j2 is not sensi
tive at ali to lithospheric thickness [Yuen and Sabadini, 1984].
Although a Maxwell viscosity of IOn Pa s (curve l) just falls
short of the data [Diekman, 1977], we note that a mean vis
cosity of 4 x 1021 Pa s is required to satisfy the data [Sabadini
et al., 1984]. The polar speed associated with an SLS mantle is
about 20% below the required data. With a reduced Jl2 the
Burgers' body prediction (curve 3) comes within 5% of the
lower bound of the data. In contrast to polar wander, j 2

produced by transient rheologies are better able to satisfy the
data [Y oder et al., 1983], as shown by the transient predic
tions (curves 3, 4, and 5) in Figure 7b. From these results it
can be conc1uded that j 2 is not terribly useful in discrimi
nating the different types of transient rheologies in which the
long-term viscosity is greater than 1021 Pa s.

One observes that there are no great differences in the polar
motion and j 2 for the various types of rheologies with similar
values of viscosities. This is due to the fact that the time
window considered thus far is quite distant, a few thousand
years, from the cessation of melting time. On the contrary,

5. TRANSIENT RHEOLOGY IN THE LOWER MANTLE

As pointed out in section 4, the geophysical data taken
together do not allow for transient creep to exist throughout
the whole mantle. We will now corroborate our previous find
ing [Sabadini et al., 1985a] that only in the lower mantle can
transient creep be significant in postglacial rebound. This in-

there should be noticeable differences in the short-time regime,
immediately after the cessation of melting. We demonstrate
this point by displaying in the inset of Figure 7b the incipient
decay of j 2 during the first couple of hundred years. Three
different rheologies (SLS, Burgers' body, and Maxwell) have
been considered. It is interesting to see that after a few tens of
years the differences in j 2 are quite large, with the Maxwell
prediction having the largest value and the SLS producing the
fastest decay. This finding is noteworthy because recently,
Y oder and Ivins [1985] have suggested that ongoing glacial
melting [Meier, 1984] might contribute in a major way to the
observed j 2' However, the rheological model employed by
Yoder and Ivins [1985] is Maxwell' Since we have found from
the above that the j 2 predicted by a Maxwell rheology is
much greater than the speed predicted by the SLS rheology,
one should seriously consider the nature of short-term mantle
rheology for this particular initial value problem at hand.

In order to illustrate the basic differences between the three
and four-Iayer models, we have carried out ca1culations to
demonstrate why the four-Iayer model with only the lower
mantle transient is able to fit the data much better than the
three-Iayer model with the entire mantle transient. We display
these results in Figure 8 where the focus is on the uplift data
near the peripheral of the load. For the four-Iayer model we
have treated the interface as a nonadiabatic boundary in order
to focus on the basic point involving the rheological stratifi
cation. It must be emphasized beforehand that the eigenfunc
tions responsible for the uplift near the ice margins are com
posed of higher degree harmonics. Hence they would be sensi
tive to the particular rheology used in the upper mantle. For
small values of Jl2/JlI there is a rapid initial decay, with the
consequence of inducing smaller amounts of subsidence in the
later stages (see curve for Jl2/JlI = 0.05 in Figure 8a). For the
three-Iayer model one needs to increase Jl2/JlI to an unreason
ably large value of 0.5 in order to fit the data (see Figure 8a).
Ali solid curves of Figure 8 have V2/VI = 0.1. Increasing V2/V1

to 0.5 (dashed curve in Figure 8a) does not improve the situ
ation. On the other hand, in the four-Iayer mode! the Maxwell
upper mantle relaxes less than the Burgers' body upper mantle
associated with the three-Iayer model, leading to a sharper
drop near the edge. This effect causes the knee of the curve to
move toward earlier times for the four-Iayer models (see Fig
ures 8b and 8e). With the four-Iayer model one is then able to
fit the uplift data with Jl2/JlI values in the range of laboratory
data [Smith and Carpenter, 1986]. By increasing the steady
state viscosity VLM in the lower mantle to 2 x 1022 Pa s, a
better fit is found. In this case (Figure 8e) one finds that for
low values of Jl2/JlI' 0(0.01), the initial portions of the data
cannot be fit. Increasing VLM to 1023 Pa s wou1d cause the
curve to behave in a pure!y monotonic manner (see dotted
curve in Figure 8e). It is important to appreciate the differ
ences between the three- and four-Iayer models come from the
initial responses in the upper mantle.

In this section, from imposing the constraints of the sea
level data, the free air gravity anomalies, and the rotational
responses we have found that transient rheology in the entire
manti e is not likely to play any significant role in the postgla
cial rebound problem.

O
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Fig. 9. Comparison of the predicted and observed RLS history at the center of the Laurentide ice sheet for the
four-Iayer mode\. The source of the data is the same as in Figure 4. (a) The upper mantle has a Maxwell rheology with
v, = 102' Pa s. Curve l is derived from a Maxwell model with nonadiabatic boundary condition (equation (6», while the
dashed curve comes from an adiabatic boundary condition (equation (7». The lower mantle viscosity of these two curves is
102' Pa s. Curve 2 depicts a Burgers' body model in the lower mantle with v2 = v,/lO, v, = 102' Pa sand Jl.2 = Jl.,/10.
Lithospheric thickness is 120 km. (b) Ali solid curves are nonadiabatic in character, while dashed curves are derived from
the adiabatic boundary condition. Curve l is Maxwell with v, = 1022 Pa s. Curves 2 and 3 are derived from Burgers' body
with v2 = v,/lO and Jl.2 = Jl..l10. The difference between the two sets is that v, = 1022 Pa s in curve 2 and 1023 Pa s in
curve 3. Other characteristics are the same as in Figure 9a.

25

between 102' Pa sand 1022 Pa S. The lithospheric thickness is
120 km for curves 1-6. A lithosphere of 180 km thickness is
used for the thick curve 7 to demonstrate the basis of Peltier's

argument of a thick lithosphere for a MaxwelI mantle. This
prediction has problems in fitting the data in the beginning.
One also observes from curves 1 and 2, which are derived

from a Burgers' body rheology, that the transient model can
actualIy satisfy the shoreline emergence data more than 10,000
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Fig. lO. Comparison of predicted and observed RSL curves and

at the margin of the ice sheet (li = 15°) for four-Iayer models. With the
exception of curve 7, the lithospheric thickness is held constant at 120
km. Dashed curves are curved from adiabatic boundary conditions,
while solid curves represent nonadiabatic situations. Curve l and 2
have a Burgers' body rheology in the lower mantle with v2 = v.ll0,
v, = 1022 Pa s, and Jl.2 = Jl..l0. Curves 3 and 4 have a Maxwell rheol
ogy in the lower mantle with v, = 102' Pa s, while curves 5 and 6 are
Maxwell models with v, = 1022 Pa S. Curve 7 represents a nonadia
batic Maxwell model with v, = 1021 Pa sand a lithospheric thickness
of 180 km.
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vestigation will be carried out by using additional sea leve!
curves, free .air gravity anomaly, and rotational data. We will
discuss each of these results in turno

5.1. Relative Sea Level Curves

Results for the uplift history at the center of the ice load are
shown for two different lower mantle viscosities VLM in Figure
9. The physical parameters used in the calculations of this
section correspond to the four-Iayer model given in Table 2.
We have employed the same time history and size of the
Laurentide ice sheet as described in Figures 4-6. In Figure 9a
one sees the sensitivity of the centrai displacements predicted
by the MaxwelI and Burgers' body rheologies for VLM = 1021

Pa s. Induded here are results for the adiabatic (dashed
curves) and nonadiabatic boundary conditions. For the Bur
gers' body rheology (curve 2) the two are indistinguishable,
whereas for the MaxwelI rheology the differences are stilI
rather small (curve 1). In order to fit the data better, a larger
VLM is needed. The results for higher VLM are shown in Figure
9b. The important point to note here is the dose proximity of
the curves 1 and 3 representing, respective!y, a MaxwelI model
with VLM = 1022 Pa sand a Burgers' body with VLM an order of
magnitude greater. This phenomenon is indicative of the po
tential ambiguity in the interpretation of long-term mantle
viscosity caused by transient rheology. Aiso displayed is a
Burgers' body with VLM = 1022 Pa s (curve 2). In this case the
prediction compares poorly with the data. Overall the dis
placement at the center would favor a long-term lower mantle
viscosity between 5 x 1022 and 1023 Pa s for the Burgers'
body rheology.

The essential point invoked by Sabadini et al. [1985a] to
argue for the possibilities of a transient lower mantle is the
ability of the Burgers' body rheology to replicate the nonmon
otonic sea level data at Boston. In the next few figures we will
elaborate on this aspect further, as welI as to present ad
ditional evidences for other sites farther down south along the
eastern seaboard of the United States. In Figure 10 we com
pare a series of MaxwelI and Burgers' body models for VLM
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. Fig. 11. Comparison of theoretical predications and observed RSL histories at other sites along the eastern seaboard,
~outh of Boston. Data are taken from Wu and Peltier [1983] and Peltier [1984]. The lower mantle rheology in ali of the
models is Burgers' body. The upper mantle has a Maxwell rheology with VI = 1021 Pa s. (a) Comparison at Clinton
(O = 16°). Solid curves represent nonadiabatic resuIts, while curve 3, dashed, is derived from the adiabatic boundary
condition. The ratio of V2/VI is 0.1. Curve I has VI = 5 X 1022 Pa s /-12 = /-IdlO and a lithospheric thickness k of 120 km.
Curve 2 has VI = 2 X 1022 Pa s, /-12 = /-Id15, and k = 120 km. Curve 4 has VI = 5 X 1022 Pa s, /-12 = /-IdlO and k = 140
km. (b) Comparison at Brigantine (O = 18°). With the exception of the dashed curve 3, the other curves are based on
nonadiabatic boundary conditions. Curve 1 has V2 = 2 X 1022 Pa s, /-12 = /-Il/IO, V2 = VI/IO, and k = 120 km. Curve 2 has
VI = 5 X 1022 Pa sand k = 140 km with other parameters the same as in curve 1. Curves 3 and 4 have VI = 1022 Pa s,
k = 120 km, /-12 = /-IdlO, and v2 = vdlO. (c) Comparison of the RSL data at Florida (O = 25°). Only nonadiabatic
boundary conditions are considered here with k = 140 km. The ratios V2/VI and /-12//-11 are both equal to 0.1. Curve 1 has
VI = 2 X 1022 Pa sand curve 2 is produced by VI = 5 X 1022 Pa s.

years ago better than the MaxweII models. Clearly, more data
for the peri od between 8000 and 5000 years ago are sorely
needed in order to constrain more tightly the various rheolog
ical possibilities. The differences between the transient and
steady state rheologies are greater than those existing between
their respective adiabatic and nonadiabatic counterparts. It is
important to emphasize that a long-term viscosity exceeding
5 x 1021 Pa s cannot be tolerated by the data for a purely
MaxweII mantle (cf. curves 5 and 6). In contrast, such values of
steady viscosity are permissible for the Burgers' body rheology
(cf. curves 1 and 2).

In Figure Il we compare observed and predicted relative
sea-Ievel histories at three other sites south of Boston. They
include Clinton (8 = 16°), Brigantine (8 = 18°), and Florida
(8 = 25°). The data are taken from Wu and Peltier [1983] and
Peltier [1984]. We find that at Clinton the Burgers' body
model provides the worst of the model fits to the data, as
Peltier [1984] has also found for the MaxweII rheology. For
alI of these three sites, Peltier [1984] needed extremely thick
Iithospheres, greater than 200 km, to provide adequate fit to
the data. On the other hand, we found that as with the case
examined for Boston, the Burgers' body model with Iitho
spheric thickness between 120 and 140 km comes c10se to the
observed data. Thicker lithospheres in the Burgers' body
model would produce decaying sea level histories at these
sites. The preferred long-term viscosity of the Burgers' body
model for J.l2 = J.ltllO Iies between 2 x 1022 and 5 x 1022 Pa s
for the lower mantle. The calculations of the shoreline curves

at Brigantine show that the differences between adiabatic and
nonadiabatic mantles (curves 3 and 4) are relatively small for
the Burgers' body rheology.

Next, in Figure 12 we study the consequences of varying the

upper mantle long-term viscosity from the traditional value of
1021 Pa s [Haskell, 1935; Cathles, 1975; Peltier and Andrews,
1976] for both the MaxweII and Burgers' body rheology. We
have increased and decreased the upper mantle viscosity by an
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Fig. 12. Effects of varying the upper mantle viscosity on the RSL

data at Boston (O = 15°). Solid curves 3 and 4 have Burgers' body
rheology in the lower mantle, while dashed curves 1 and 2 are associ
ated with a Maxwellian lower mantle. Curves 1 and 2 have vI= 1021
Pa s in the lower mantle. The upper mantle viscosity VI of curve 1 is
1020 Pa s, while that of curve 2 is 1022 Pa s. A lithospheric thickness
of 180 km is taken for curves 1 and 2. Curves 3 and 4 have the same
lower mantle rheology characterized by v2 = vdlO, /-12 = /-Id10, and
vI = 1022 Pa s. The Maxwellian upper mantle viscosities of curves 3
and 4 are 1020 and 1022 Pa s, respectively. A Iithospheric thickness of
120 km is taken for these two curves.
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rheological models. This particular data base was not used
before by Sabadini et al. [1985a]. The same type of glacial
forcing involving the Laurentide ice sheet, used in Figure 6 for
the three-Iayer models, is employed in the present set of grav
ity calculations for the four-Iayer models.

In the first set of calculations we compare the gravity sig
nals over Hudson Bay (8 = 0°) for the SLS, MaxwelI, and
Burgers' body rheologies. Both the adiabatic (dashed curves)
and nonadiabatic responses (solid curves) have been con
sidered. A nonadiabatic density jump of 8.6% is imposed at
670 km depth; a common lithospheric thickness of 120 km has
been assumed. In Figure 14 the amplitudes of the free air
gravity anomaly are plotted as a function of the dominant
lower mantIe viscosity VLM associated with each of the three
rheologies. Because there is an extra source of internaI buoy
ancy due to the deflection of the 670-km discontinuity (cf,
equation (6», the gravity anomalies produced by the nonadia
batic mantIe (solid curves) afe greater than those associated
with an adiabatic mantIe (dashed curves) by several milIiGals.
This difference does not seem to vary much between the SLS
and MaxwelI rheologies. It is important to note that the mini
mum value of VLM required for producing at least - 30 mGaI
is much lower for a nonadiabatic mantIe: For a MaxwelI
rheology this minimum viscosity for the adiabatic mantIe is
about 6 times greater than the minimum viscosity, 0(1022 Pa
s), associated with a nonadiabatic mantIe with a 8.6% density
jump. It is then evident that this difference in the minimum
viscosity should grow larger with increasing nonadiabatic den
sity variations [Peltier, 1985a]. Again, this difference does not
seem to be dependent on the rheology. For low values of VLM

the Burgers' body rheology behaves like a MaxwelIbody. The
plateau between 1022 and 1023 Pa s represents a region of the
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Fig. 14. Present-day free air gravity anomaly over the center of
the Laurentide ice sheet as a function of the lower mantIe viscosity.
Solid curves are derived from nonadiabatic boundary conditions,
whiledashed curvescome from adiabatic boundary conditions.Curve
B has a Burgers' body rheology in the lower mantle with /1.2 = /l.d
10 and V2 = VI/lO. Curves associated with SLS rheology have /1.2 =
/I. d 10. Curves associated with a lower mantle Maxwellrheology are
labeled M. The upper mantle viscosityis Maxwellianin nature with
VI = 1021 Pa s. Twenty previous cycIesof glaciation have been em
ployed.The lithosphericthicknessis 120km. The gravity anomaly is
calculated at a time 12,000years subsequent to the erid of the saw
tooth waveform.
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Fig. 13. Sensitivityof the RSL data at Boston to slightvarjations
of the lower mantle rheologicalparameters. A common Iithospheric
thicknessof 120km is employed.Dotted curves(curves 1 and 2) are
associated with SLS rheology; solid curves (curves 3, 4, and 5) are
derived from the Burgers' body. The upper mantle rheologyin ali of
these cases is Maxwellianwith VI = 1021 Pa s. The ratio of /1.2//1.1 is
0.1 for ali curves. The short-term viscosityV2 of curves l and 2 are
2 x 1021 and 7 x 1021 Pa s, respectively.The long-term viscosityof
curves 3, 4, and 5 are 2 x 1022, 7 X 1022, and 5 x 1022 Pa s with
V2 = vdl0, respectively.

order of magnitude, while keeping the lower mantIe viscosity
of the MaxwelI model of 1021 Pa s. The long-term, lower
mantIe viscosity of the Burgers' body mode! is set to 1022 Pa s,
since for this ratio of long-term viscosities the results are com
parable (cf. curves 1, 2, 3, and 4 in Figure lO). It is interesting
to observe that the sea level solutions are sensitive to vari
ations of the upper mantIe viscosity. We have also found that
increasil1g or decreasing the upper mantIe viscosity even by a
factor of 5 would be sufficient to cause a serious misfit to the
data for both types of rheologies. On the basis of these caIcu
lations we conclude the long-term, upper mantIe viscosity be
neath North America must be close to 1021 Pa s. These results
are also important from another poil1t of view, as they suggest
that there cannot exist a prominentIy developed astheno
sphere, wider than 150 km, beneath the eastern part of North
America.

In Figure 13 we examine in greater detail the sensitivity of
the sea leve! curves at Boston to variations of the long-term
viscosity in t!Ie Burgers' body (curves 3, 4, and 5) and of the
short-term viscosity in the SLS rheology (curves 1 and 2).
These results, spanning between 2 x 1021 and 7 x 1021 Pa s
for the SLS al1d between 2 x 1022 and 7 x 1022 Pa s for the
Burgers' body, indicate that a value which would best fit the
data is around 3 x 1022 Pa s for VI in the lower mantIe for
Burgers' body and 3 x 1021 Pa s for V2 in the lower mantIe for
SLS. Although the SLS rheology does reasonably welI in fit
ting the uplift history both at the center [Sabadini et al.,
1985a] and at the ice margins, this range of short-term vis
cosities 0(1021 Pa s) are not compatible at alI with the j 2

observation [Sabadini et al., 1985a] and, as we show below in
Figure 14, with the free air gravity anomaly over Hudson Bay.
Thus it is very important to ascerta,in the compatibility of a
given rheological model withall available observations.

5.2. Free Air Gravity Anomaly

In this section we will focus our attention on the free air
gravity anomaly as a means of constrai!1ing the transient
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Fig. lS. Plot of the present-daygravityanomaly(in milliGals)at the center of the Laurentideice sheet as a functionof
the long-term viscosityin the lower mantle.The viscosityof the upper mantle is Maxwellianwith VI = 1021 Pa s. A
lithosphericthicknessof 120km is used throughout. (a) Adiabaticsituation.Curves 1,2, and 3 have Jl2 = Jl.f2, Jl.fS, Jl.fIO,
respectively,in the lowermantle.A common ratio of v2 = v.f1O is taken. (b) Nonadiabatic boundary condition. Curves l,
2, and 3 have same meaning as in Figure lSa. A nonadiabatic density change of 8.6% is imposed for curves l, 2, and 3,
whilea 12%densityjump is present in the resultsof curve4. Otherwise,ali of the other parameters remain the same as in
Figure lSa.

parameter space in which strong interaction takes pIace be
tween the Maxwell and Kelvin-Voigt elements in the Burgers'
body rheology. Finall, for large values of VLM, beyond 1024 Pa
s, all three rheologies act in the same way. As found in section
5.1, short-term viscosities, 0(1021 Pa s), are found to be able to
satisfy the relative sea level data both within and at the edge
of the ice sheet. However, it is obvious from inspection of
Figure 14 that the gravity anomalies produced by a SLS with
a lower mantle viscosityof 1021 Pa s are about lO mGal shy
of the observed data. Increasing /12 helps to bring the SLS
rheology closer to the gravity data for low values of VLM•

However, as shown below in Figures 17 and 18, such values of
short-term viscosity would cause too rapid a decay of the
polar motions and j 2'

In Figure 15 we study the effects of varying /12 in the lower
mantle and the consequences on the gravity signatures for
both adiabatic and nonadiabatic mant!e. It is physically intui
tive that a stiffer /12' which tends to reduce the transient con
tribution, would lead to larger gravity anomalies today, as
displayed in Figure 15. Also shown is the effect of an increase
in the nonadiabatic density jump (dashed curve in Figure 15b)
where it is observed that an increase of the nonadiabatic den

sity contribution by 25% would increase the gravity anomaly
by a few milliGals, consistent with the result~ for the Maxwell
rheology [Peltier, 1985a].

It is important to stress that the gravity anomalies produced
by an adiabatic transient mantle are smaller than those associ
ated with nonadiabatic density jumps. In fact, only for very
large VLM, 0(1024 Pa s) can the lower bound of - 30 mGal be
attained, whereas such values can be achieved by nonadiabatic
models with 0(1023 Pa s). Thus a compatible transient mantle
seems to require nonadiabatic density jumps in the interior. In
Figure 16a one finds that the gravity signal at the center of the
ice sheet is not too sensitive to the lithospheric thickness. An
increase of 100 km in the thickness produces only an in
crement of less than 2 mGal for VLM = 1022 Pa s. Farther

away at the periphery of the ice mass, the effects on gravity
signals from variations of the lithospheric thickness are great
er, but at the present time these differences are less than lO
mGal (cf. Figure Al in Appendix B) and are difficult to dis
tinguish.

Figure 16b shows the sensitivity of the gravity anomaly to
variations of the upper mantle viscosity for both Burgers'
body (solid curves) and Maxwell {dashed) rheologies. Increas
ing the viscosity of the upper mantle by an order of magnitude
produces a gravity anomaly which is larger by a few milliGals.
On the other hand, decreasing the upper mantle viscosity to
1020 Pa s would dramatically decrease the gravity signatures
to about lO mGal for VLM less than 1023 Pa s. As in the case
with the sea level data at Boston (cf. Figure 12), the magnitude
of the gravity anomalies in an upper mantle with a viscosity of
5 x 1020 Pa s would still be less than 20 mGal for VLM less
than 1023 Pa s for both types of rheologies. These results thus
reinforce the earlier suggestion based on the Boston data that
the asthenosphere beneath eastern North America must be
poorly developed.

Even though the gravity data would tolerate an upper
mantle with a viscosity of 1022 Pa s, such high values are
strongly rejected by the sea level curves at the ice margin (cf.
Figure 12).

5.3. Polar Wander and j 2

We will examine the effects of transient rheology on the two
deglaciation-induced perturbations of planetary rotation
within the framework of the four-Iayer mode!. Here we will
employ exactly the same parameters of the glacial forcing
function, which was used earlier for the three-Iayer model in
section 4.3.

In Figure 17 we plot the polar wander as a function of time
for high (Figure 17a) and low (Figure 17b) values or VLM• The
thickness of the lithosphere has been varied between 120 and
190 km in order to illustrate the sensitivity of the induced
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Fig. 16. Present-day gravity anomaly over the center of a disc load of Laurentide scale as afunction of lower mantle
viscosity Nonadiabatic boundary conditions are used in ali calculations. (a) Effects of varying lithospheric thickness. The
upper mantle viscosity is Maxwellian with VI = 1021 Pa s. The other rheological parameters of the lower mantle are
v2 == vdlO and /l2 = /lI/lO. Lithospheric thicknesses are given next to the curves. (b) Effects of varying upper mantle
viscosity. Solid curves 1,2, ànd 3 are derived from a lower mantle with Burgers' body rheology, while dashed curve 4 has a
Maxwell rheology in the lower mantle. The"rheological ratios of the Burgers' body model àre /l2//l1 = V2/V1 == 0.1. The
upper mantle viscosity in ali curves is Maxwellian with VI = 1021 Pa s for curve l, VI = 1020 Pa s for curve 2, VI = 1022 Pa
s for curve 3, and VI = 1020 Pa s for curve 4. The common lithospheric thickness is 120 kìn.

polar motions to Iithospheric thickness. It is shown that thin
ner Iithospheres and a stiffer 112 would produce lower polar
velocities V for the present time. Increasing the nonadiabatic
density jump (curve 5 in Figure 17a) provides an additional
boost to V. We see that for the Burgers' body rheology the
polar motion data can be matched for VI around 1023 Pa s, 112

around Ild15, a Iithospheric thickness of 150 km, and a nona
diabatic density jump of around 10%. Polar wander for the
SLS rheology is very similar to that produced by the Burgers'
body for high values of VLM (see curve 1 of Figure 17a). We
have found that polar motions in an adiabatic, transient lower
mantle are not fast enough to match the observation for VLM

around 0(1023 Pa s), thus corroborating this deficient aspect of
an adiabatic, transient mantle fouÌ1d earlier by the gravity
anomaly results (cf. Figure 15).

As shown In Figure l7b for the lower branch of VUt' there is
virtually no contamination of the long-term viscosity VI by the
introduction of the Burgers' body rheology (compare curves 1
and 2). By contrast, the polar wander produced by V2 in the
Kelvin-Voigt element is very small. This is iIIustrated by the
SLS result (curve 3).

In Figure 18 we present a detailed study of J2 for both the
upper (Figure 18a) and lower (Figure l8b) branches. The long
term viscosity for the upper branch lies between 5 x 1022 and
1023 Pa s. The solution for SLS with Vi = 1022 Pa s cannot be
distinguished from its Burgers' body counterpart (curve 1).

Decreasing 112 helps to increase J2 (cf. curves 1 and 2). We find
that J2 for ali of the rheologies considered here is insensitive
to the lithospheric thickness, in contrast to polar wandér. Nor
does J2 depend too much on the amount of nonadiabatic
density jump tYuen and Sabadini, 1984] from comparing
curves 1 and 4 in Figure l8a. Effects on J2 from variation of
the upper mantle viscosity are shown by curves 5 and 6, where
it is observed that the J2 data are not as sensitive to the upper
mantle viscosity, as found for the sea level and gravity anoma
Iydata.

For the lower branch the J 2 signal is very sensitive to the
lower mantle, long-term viscosity (cf. curves 1 and 2 in Figure
l8b) in the range of 1021 Pa s. It also is somewhat susceptible
to large increase or viscosity in the upper mantle (cf. curves 3
and 5) but not lO decrease of upper mantle viscosity (cf. curves
3 and 4). The SLS rheology in this range of viscosity does not
produce enough secular variation of the rotational rate (cf.
curve 6).

In generai, we find for the upper branch that the two rota
tional data in the presence of a transient, nonadiabatic mantle
would favor a long-term viscosity, 0(1023 Pa s), a factor of 3
greater than the preferred value obtained for the shoreline
curves at ice margins.

5.4. Multiple Solutions in Rotational Signatures

The physical parameters, such as the viscosity, enter in the
argument of the decaying exponential functions characterizing
the time dependence of Iinear viscoelastic systems. Since the
total solution involves the participation of many modes, there
eXIsts then the possibility that a signal appearing at a certain
time may be associated with more than one viscosity value
(see Figures 19 and 20). This nonuniqueness is due to the
nonlinear nature of the inverse fum:tion describing the depen
dence of the viscosity parameter on the rotational response at
a certain time. For viscous and Maxwell rheologies, O'Conne/l
[1971] ahd Nakiboglu and Lambeck [1980] have shownthat
the nontidal acceleration of the earth's rotation or J2 can bé
fit by two very different viscosity values, one with 0(1021 Pa s),
the other with 0(1023 Pa s), (see curve 1 in Figure 19).

How then does the nature of the multiple solutiol'Ìs depend
on the rheology? To address this point, we have conducted
calculations for both the SLS and Burgers' body inodels and
display in Figure 19 the J2 prediction at a time 6000 years
after the termination of the last glacial cycIe (tI = 6 X 103

years). This Is plotted as a function of VLM' We observe for
both the Maxwell (curve 1) and SLS (curve 4) that there are
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Fig. 17. Polar wander speed predicted by the four-Iayer model
from glacial excitation. (a) Upper branch. The lithospheric thickness is
160 km, unless otherwise stated. All of the curves are derived from
assuming a Burgers' body rheology in the lower mantle. The upper
mantle viscosity is Maxwellian with VI= 1021 Pa s. A nonadiabatic
density juII1p of 8.6% is taken for all curves, except for the dashed
curve 5 where li 12% density jump is imposed. Curve I has 112 =
Ildl0, VI= 1023 Pa s, and V2= VI/IO. Curve 2 has 112 = Ild5, VI=
1023 Pa s, and V2= vdlO. Curve 3 has k = 190 km, v2 = VI/IO, 112 =
Ildl5, and VI= 1023Pa s. Curv.e 3 is the same as curve l, except that
k is 120 km. Curve 5 is the same as curve I except that a larger
density difference is employed at 670 km depth. We note that the SLS
rheology with V2= 1022 Pa s produces a curve which lies very close
to curve l. (b) Lower branch. The lithospheric thickness is kept còn
stant at 160 km. The upper mantle rheology is the same as in Figure
17a. Curve I has a lower mantle Maxwellian viscosity of 1021 Pa s.
Curve 2 has a lower mantle rheology which is a Burgers' body with
VI = 1021 Pa s, V2= vdlO, 112 = IldIO. Curve 3, the rapidly decaying
one, comes from a lower mantle rheòlogy which is a SLS with V2=
1020 Pa sand 112 = IldlO. Data are taken from Dickman [1977], and
the error bars associated with the termination of deglaciation have
been estimated by Yuen et al. [1982].

two viscosity values associated with J 2 for values below a
certain maximum. Hence the multiplicity of the viscosity solu
tion is two for these rheologies. The case for the Burgers' body
is more complicated. Here the multiplicity of the solutions is
increased to four, as shown by curves 2 and 3. For J1.2 = J1.d5

(curve 2) it is clear that the j 2 data of Y oder et al. [1983],
indicated by Y, can be fit by four viscosity values, two between
1021 lmd 1022 Pa s, the other two between 1023 and 1024 Pa s.

This behavior reveals the relative insensitivity of the present
day j 2 data to the lower mantle viscoslty in the presence of a
transiènt lower mantle. We must resort to other geophysical
data, such as gravity anomaly and uplift at the edge of the ice
sheet, in order to constrain better the lower mantle transient
viscosity.

In Figure 19 one also sees that the transient viscosities V2 of
SLS rheology, compatible with Yoder et al.'s data, are 1022
and 1023 Pa s, respectively. Also plotted in Figure 19 is the
revised estimate of the mantle contribution to J 2 by Y oder and
Ivins [1985], which is designated by Y and I. This estimate
based on subtracting away the forcing of J 2 from recent melt-

ing of glaciers is about twice that of the former value. Only the
Maxwell rheology with VLM between 5 x 1021 and 4 x 1022 Pa
s can provide enough excitation for fitting this revised j 2

value. However, as shown above in the inset of Figure 7b, the
J2 prediction by Yoder and Ivins might have overestimated
the rotational excitation by recent glacial melting [Meierò
1984] due to their usage of Maxwell rheology, since the secu
lar variations of J 2 are much smaller for SLS and Burgers'
body rheologies during the initial hundred years subsequent
to the forcing.

We note that the values of VLM which wòuld produce J2
speed within 10% ofYoder and Ivin's result are 2 x 1023 Pa s
for the Burgers' body and 2 x 1022 Pa s for the SLS rheology.
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Fig. 18. Time derivati ve of the secular vanatlon of the gravi
tational harmonic coet1icient J 2 after the last deglaciation. Data are
taken from Y oder et al. [1983], and the error bars on the termination
time are estimated as in Figure 17. The same amount of glacial fore
ing is employed as in Figure 7. (a) Upper branch. The lithospheric
thickness is 160 km for all curves except for curve 3, which is associ
ated with k == 190 km. All of the curves have a Burgers' body rheol
ogy in the lower mantle. Curves 1-4 have an upper mantle viscosity
VI= 1021 Pa s with a Maxwell rheology. Curves 5 and 6 have upper
mantle Maxwell viscosities of 1020 and 1022 Pa s, respectively. Nona
diabatic boundary conditions are used for all curves except for the
dashed curve 4, which is adiabatic. Curve I has 112 = IldlO, v2 =
vd10, and VI = 1023 Pa s. Curve 2 differs from curve I only by Jl.2=
Ild5. Curve 3 is different from curve 2 by 112 = Ildl5 and k == 190 km.
CUrve 4 is like curve I except that it is adiabatic. Curves 5 and 6 are
similar to curve I except for the change in the upper II1àntle viscosity.
(b) Lower branch. The lithospheric thickness is constant at 160 km.
The upper marttle viscosity is Maxwellian with VI = 1021 l'a s for
curves l, 2, 3, and 6. Cutves I and 2 have a Maxwellian, lower mantle
rheology with VI= 1021 and 3 x 1021 Pa s, respectively. Curves 3,4;
and 5 have a Burgers' body rheology in the lower mantle. The rheo
logical ratios are 1l2/1l1= 0.1 and V2/VI= 0.1. The long-term viscosity
VI in the lower marttle for these three curves is 1021 Pa s. Curves 4
and 5 have a Maxwelliart viscosity of 1020 and 1022 Pa s, respectively,
in the upper mantle. Curve 6 is associated with an SLS rheology in
the lower mantle with 112 = Ili and v2 = 1020Pa s.
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'VLM (Pa sI

Fig. 19. The secular variation of the gravitational coefficient j 2 as
a function of the lower mantle viscosity associated with various rheol
ogies. A common lithospheric thickness of 120 km is used. Dashed
curve l represents Maxwell rheology throughout the entire mantle
with the viscosity in the upper mantle set to 102' Pa s. Solid curves 2
and 3 have an upper mantle which is Maxwellian with v, = 102' Pa s.
Curves 2 and 3 have V2 = Jl,/5 and Jl,/IO, respectively, in the lower
mantle. A ratio of v2/v, = 0.1 is used. The dotted line represents a
model with a SLS rheology in the lower mantle. A ratio of Jl2/Jl, =
0.1 is assumed. The lithospheric thickness is 120 km in each curve.
The symbol Y indicates the error bounds of Y oder et al.'s [1983]
observation, while the revised estimates of Y oder and Ivins [1985],

based on glacial discharges, are marked by Y and I. The glacial
forcing parameters are the same as in Figure 7. The time t, indicates
the period transpired since the last melting evento Twenty ice age
cycles with triangular wave shape have been employed.

It should be emphasized that there exist pronounced differ
ences in the j 2 signal produced by the various rheologies for
the same VLM' This gap is especialIy large for VLM around 1022

Pa sand 2 x 1023 Pa s. This fact points out that there are stilI
discernible differences in j 2 from a wide choice of possible
rheologies even for a time of 6000 years subsequent to the
forcing.

We explore the nature of the multiple solutions of polar
wander v in Figure 20. A lithospheric thickness of 160 km has
been employed. It is seen that within a certain interval of v
there may be three different lower mantle viscosity solutions
associated with a given polar drift rate. In this case the
character of the multiple viscosity solutions does not change
with the rheology, as for j 2' The solutions of the two rheol
ogies are dose to one another for VLM less than 3 x 102' Pa s.
Local minimum and maximum in v are found for both types

of rheologies, with the Burgers' body having larger undu
lations. There is a local peak for the MaxwelI rheology at
VLM = 1022 Pa s, while in the case of Burgers' body this peak
occurs near 1023 Pa S. It is to be noted that for t 1 = 5000
years and for a slightly thicker lithosphere (k = 170 km) this
Burgers' body peak at vLM = 1023 Pa s wilI protrude through
the lower boundary of the polar wander data.

The differences in the nature of the multiple viscosity solu
tions in j 2 and V are caused by the fact that only isostatic
relaxation modes are involved in j 2' while both isostatic and
rotational modes contribute to polar motion [Yuen et al.,
1983]. What is dear is that with the introduction of a uni
formly valid viscoelastic rheology, such as the Burgers' body,
greater complexities are present in the interpretation of geo-

2.{M(Pas)
Fig. 20. Polar wander speed excited by ice age melting as a func

tion of the long-term viscosity in the lower mantle. The upper mantle
viscosity is Maxwellian with v, = 1021 Pa S. The Burgers' body model
(solid curve) has Jl2 = Jl,/10 and v2 = v,/IO in the lower mantle. The
predictions associated with the Maxwell lower mantle model are
given by the dashed curve. Data are taken from Dickman [1977].
Otherwise, ali other parameters are the same as in Figure 19.

dynamical signatures by viscosity parameterization. For short
term geodynamical phenomena, such as the dispersion of
long-period Love numbers [Lambeck and Nakiboglu, 1983;
Sabadini et al., 1985b] and cumulative stress diffusion from
earthquake cycIes [e.g., Melosh and Fleitout, 1982], one may
need to employ the Burges' body rheology in order to capture
the transient dynamical effects arising from the interaction
between the MaxwelI and Kelvin-Voigt elements. It is quite
evident from the results presented above that one cannot hope
to simulate the dynamics of transient creep by merely using
either a SLS or a MaxwelI rheology as end-member examples.

6. CONCLUSIONS AND DISCUSSIONS

This study has focused upon an attempt to determine the
extent to which transient rheology may influence the viscosity
structure of the mantle inferred by the traditional assumption
of steady Newtonian creep. We have tested various transient
rheological models by requiring them to simultaneously re
concile the relative sea level data, the observed free air gravity
data over the center of the Laurentide ice sheet, and the rota

tional data set comprising j 2 and polar wander. An important
result obtained in this work is that it is impossible for any sort
of transient rheology to prevail mantle-wide during postglacial
rebound. The gravity anomaly and the displacement data at
the edge of the ice load prove to be the most important dis
criminating criteria.

In this paper we have also constructed a number of adia
batically and nonadiabaticalIy stratified models (see Table 1)
in which only the lower mantle can creep in a transient
manner. These analytical viscoelastic models were employed
in conjunction with a forcing function characteristic of the
Wisconsin deglaciation history to make predictions of several
different geophysical observables. We were able to show that
an adiabatic, transient lower mantle and a standard linear
solid lower mantle could not fit alI of the data simultaneously.
Of the models displayed in Table 1, our preferred transient
models, which best satisfy alI of the data, have nonadiabatic
density jumps of around 10% and have long-term, lower
mantle viscosities in the range 2-10 x 1022 Pa s with a Max
welI upper mantle viscosity of 1021 Pa S. Results from lower
harmonics, such as rotation and gravity anomaly, seem to
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From the orthogonal properties of Legendre functions the
eoefficients a, are given by

_ -(21 + I)Hp1 ex (t _ X)112p,(t) dt (A4)a, - 2(1 _ X)112 J1

The density of ice is given by P1 and e is the angular distance
from the eenter of the ice sheet. In terms of Legendre poly
nomials the surfaee density may be expanded as

(Al)

(A3)

(A2)
00

a(e) = L a,P,(eos e)
'=0

ApPENDlX B

We ha ve eheeked our algorithms for ealeulating the relative
displacement eurves and the free air gravity anomalies by
comparing with published results provided by Figures 30 and
31 of Wu and Peltier [1983]. An agreement to within 10% is
found between the two approaehes, with the incompressible
model yielding lower values. In Figure Al we show the devel
opment of the free air gravity anomaly after the sudden re
moval of a parabolie iee load which is initially in isostatic
equilibrium with the underlying mantle. The radius of the ice
sheet is 15°, and the initial maximum height is 3.5 km. The
initial change in the gravity field at t = O is caused by the
direct effect of the mass removal and by the elastic defor
mation of the planet in consequenee to the unloading evento
To this foreed response we must add the large time response
associated with viscoelastic relaxation from the load existing
for an infinite time prior to melting. The Green's functions for
a Heaviside step function have been employed for determining
the gravity anomaly field shown in Figure Al. The gravity

a(e) = o

where x = eos IX.

The integraI in (A4) may be reduced further by partial inte
gration. This yields

a = Hp1 e [P,+ l(t) - P,-1(t)] dt (A5)I 4(1 - X)112 Jx (t _ X)112

From the relation between Chebyshev and Legendre poly
nomials [Abramowitz and Stegun, 1964], we may express the
integrai in terms of Chebyshev polynomial T,(x) of the first
kind. For I greater than zero the spectral coefficients of the
surface density take the form

a = -Hp1 [ 1 [T.(x) _ T. ()]I 4(I-x) " .,~, I l-IX

+ o. 1_0_. [T,+t(x) - T,+2(X)] ] (A6)

where the Chebyshev polynomials are defined aeeording to
T,(cos e) = cos le. Equation (A6) is then substituted into the
surface boundary eonditions for calculating the response of
each angular order due to the disc load.

21 + 1 IX
a, = -- a(e)p,(eos e) sin e de

2 o

Introducing the variable t = cos e into (Al) and (A3), we
find

The surfaee density a associated with a parabolie ice load
may be deseribed by

(cos e - cos IX)1120-(0) = HP! -1------ eos C(

ApPENDlX A

We used a parabolic ice load whose angular radius C( re
mains constant as a function to describe the spatial depen
dence of the loading function. The height H of the ice sheet at
the center varies with time according to the time history of the
glaeial forcing. The paraboloid is employed here, instead of a
disc with constant thickness [e.g., Sabadini and Peltier, 1981],
in order to minimize the distortions at the border of the iee
sheet due to edge effeet. We derive below the spherieal har
monie eoefficients of the surface density associated with the
parabolie geometry.

require higher VLM, about 1023 Pa S, than those derived from
local data, such as displacement at the edge of the ice sheet,
which favor slightly lower viscosities, around 5 x 1022 Pa s.
This value reflects perhaps the lateral influence of an astheno
sphere nearby beneath the Atlantic Oceano

Recently, Christensen [1985] has conducted a theoretical
analysis which demonstrates that the dynamical response of a
phase boundary to a surface pressure perturbation would
behave adiabatically, rather than nonadiabatically, for time
scales characteristic of glacial isostasy. This would mean then
that nonadiabatic behavior of internaI density discontinuities
may only occur in postglacial rebound for a chemically strati
fied mantle. Thus our preferred transient rheological model
would favor a mantle with a significant compositional vari
ation, strong enough to inhibit whole mantle convection
[Christensen and Yuen, 1984]. We also find that the geophysi
cal data, particularly the relative sea level and gravity anoma
ly, are very sensitive to the upper mantle viscosity structure in
the four-Iayer transient models. Any deviation by a factor of 3
from 1021 Pa s for the long-term upper mantle viscosity would
cause large misfit to the above two data. This finding, based
on local data, would argue for a poorly developed astheno
sphere beneath the eastern part of North America. These re
sults would also suggest that transient rheology in the upper
mantle would not play as a significant role as it would in the
lower mantle.

We believe that the calculations discussed here have very
clearly corroborated out preliminary finding [Sabadini et al.,
1985a] and that reported earlier by Fleitout and Jaoul [1980]
of the potentially important role played by lower mantle, tran
sient rheology in glacial-isostatic adjustment. It remains an
interesting idea unti! additional support comes from labora
tory creep experiments of lower mantle constituents, such as
perovskite. In particular, the determination of the ratios Jl2/Jl1

and V2/V1 should be focused upon in order to test the viability
of the theoretical predictions presented here. Work by Smith
and Carpenter [1986] is important in this direction.

The issue of transient rheology deserves doubtless greater
attention for shorter time scale phenomena, such as the exci
tation of j 2 by recent glacial melting [Y oder and [vins, 1985]
and postseismic deformation. As a final point, it is worth em
phasizing that although out calculations with the Burgers'
body rheology have shown that nonuniqueness of the rheol
ogy in extracting mantle viscosity from studies of glacial isos
tasy, it is stilI possible for other types of rheology, such as
non-Newtonian creep, to do the same. In view of this potenti al
ambiguity in the inference of lower mantle viscosity from the
process of glacial isostatic adjustment, ultimately our knowl
edge of the deep mantle viscosity structure may nave to come
from the correlation between long-wavelength geoid anoma
lies and density anomalies in the lower mantle, as to be re
vealed by a more extensive coverage by seismic body waves.
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Fig. Al. Free air gravity anomaly as a function of time and angular distance () from the center of a surface disc load of
radius IX = 15° and an initial peak height of 3.5 km. The time history of the unloading event follows a Heaviside function.
The rheology of the upper mantle is Maxwellian with v, = 102' Pa s. The thickness k is 120 km. The rheology of the lower
mantle is a Burgers' body model with v, = 1023 Pa sand V2 = v,/10. Figure Ala has JJ.2 = JJ.,/IO, while JJ.2 = JJ.,/15 is used
in Figure Alb. The total gravity anomaly has contributions from the elastic response, the direct effect of the unloading
event, and the subsequent viscoelastic relaxation. Isostatic equilibrium is assumed at t = O.

anomaly displayed represents the total amount from the con
tribution at t = O and from the subsequent viscoelastic defor
mation. These calculations were conducted for an upper
mantle with a Maxwell rheology and v, = 102' Pa s. A Bur
gers' body rheology with V2 = v,/lO and v, = 1023 Pa s has
been assumed in the lower mant1e.

Two different short-term rigidities have been considered:
112 = 11,110 in Figure Ala and 112 = 11,115 in Figure Alb. Not
much difference in the gravity signals is observed for these two
different rigidities. The difference between the present time
(t = 12 kyr) and t = 18 kyr is not great, less than a few milli
Gais. It should be noted that the free air gravity fÌelds used for
comparing with the anomaly observed over Hudson Bay are
based on a loading history with a sawtooth form [Wu and
Peltier, 1982].
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